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Abstract 


This paper discusses the properties the spaces of fuzzy sets in a metric space 
equipped with the endograph metric and the sendograph metric, respective- 
ly. We fist give some relations among the endograph metric, the sendograph 
metric and the I’-convergence, and then investigate the level characteriza- 
tions of the endograph metric and the I-convergence. By using the above 
results, we give some relations among the endograph metric, the sendograph 
metric, the supremum metric and the dý metric, p > 1. On the basis of the 
above results, we present the characterizations of total boundedness, rela- 
tive compactness and compactness in the space of compact positive a-cuts 
fuzzy sets equipped with the endograph metric, and in the space of com- 
pact support fuzzy sets equipped with the sendograph metric, respectively. 
Furthermore, we give completions of these metric spaces, respectively. 
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1. Introduction 


A fuzzy set can be identified with its endograph. Also, a fuzzy set can be 
identified with its sendograph. So convergence structures on fuzzy sets can be 
defined on their endographs or sendographs. The the endograph metric Hena 
convergence, the sendograh metric Heeng convergence and the I’-convergence 
are this kind of convergence structures. These three convergence structures 
are related to each other [10, 18]. 
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The endograph metric on fuzzy sets is shown to has significant advan- 
tages [16, 17]. The sendograph metric has attracted deserving attentions 
[3, 6]. Compactness is one of the central concepts in topology and analysis 
and useful in applications (see [14, 22]). There is a lot of work devoted to 
characterizations of compactness in various fuzzy set spaces endowed with 
different topologies [3, 6, 7, 9, 10, 19, 20, 24]. It is natural to consider what 
the completion of a metric space is. The recent results on completions of 
fuzzy set spaces including [9, 10}. 

In [10], we presented the relations and level characterizations of the endo- 
graph metric Hena and the I-convergence. Based on this, we have given the 
characterizations of total boundedness, relative compactness and compact- 
ness of fuzzy set spaces equipped with the endograph metric Heng. We also 
pointed out the completions of fuzzy set spaces according to the endograph 
metric Hena. 

The common fuzzy sets used in theoretical research and practical appli- 
cations are fuzzy sets in a metric space whose positive cut set are nonempty 
compact sets. Common compact fuzzy sets are common fuzzy sets whose sup- 
port sets are compact. Throughout this paper, we suppose that X is a metric 
space endowed with a metric d. The symbols Fijsc¢(X) and Fiscop(X) are 
used to denote the set of common fuzzy sets in X and the set of common 
compact fuzzy sets in X, respectively. We use Fġgc(X) to denote the set of 
normal and upper semi-continuous fuzzy sets in X. Fi}scp(X) is a subset of 
Fisocg(X). Féscq(X) is a subset of Fi so(X). 

The results in [10] are obtained on the realm of fuzzy sets in the m- 
dimensional Euclidean space R™. R™ is a special type of metric space (for 
simplicity, in this paper, R is used to denote the 1-dimensional Euclidean 
space). Of course, it is worth to study the fuzzy sets in a metric space 
[6, 7, 13]. In this paper, the results are obtained on the realm of fuzzy sets in 
a general metric space X. We mainly discuss Heng metirc and Hsena metric on 
F b sc(X) including the relations among Hena metric, Hsena metric and other 
convergence structures, and properties of Hena metric and Hena metric. 

The first part of this paper is the relations among the Hena metric, the 
Agena Metric and the T-convergence, the level characterizations of the en- 
dograph metric Heng and the [-convergence, and the relations among the 
supremum metric dæ, the Hena metric, the Hsena metric and the ds, metric. 
The dy metric is an expansion of the L,-type dp distance on Fġso(X). The 
conclusions on the relations among the Hena metric, the Heng metric and the 
d; metric are verified using the above results including the level characteri- 
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zation of the endograph metric Heng. 

To aid discussion, we introduce the sets Ptgc(X) and Phscop(X). Pasop(X) 
is a subset of Phgo(X). The Figc(X) and Fisop(X) can be viewed as the 
subsets of Picco (X) and Piscp(X), respectively. 

We define the Agena distance and the Hena distance on P}¢¢(X), and give 
the relations among the Hygena distance, the Hena distance and the Kuratowski 
convergence on P$sc( X). Then, as corollaries, we obtain the relations among 
the Hsena metric, the Hena metric and the I-convergence on Figo(X). 

We discuss the level characterizations of the [-convergence and the en- 
dograph metric Hena on fuzzy sets in Fisc(X). It is shown that under some 
conditions, the I'-convergence of fuzzy sets can be decomposed to the Ku- 
l ratowski convergence of certain a-cuts, and the Hena metric convergence of 
= fuzzy sets can be decomposed to the Hausdorff metric convergence of certain 
a-cuts. 

The understanding of the relation among the Hena metric, the Hsena met- 
ric and the [-convergence is beneficial for the understanding of themselves. 
The level characterizations help to study these three convergence structures 
on fuzzy sets by using the properties of the corresponding a-cuts. 

A Agena metric convergent sequence is a Hena metric convergent sequence. 
A Hena metric convergent sequence is also a [’-convergent sequence. So the 
knowledge of the I’-convergent sequences can help us to analyse the properties 
of the Hena convergent sequences and the Heng convergent sequences. For 
this reason, we give the level characterizations of a [-convergent sequence in 
this paper. 

Based on the results in the first part, we give the other results of this pa- 
per. The second part of this paper is the characterizations of total bounded- 
ness, relative compactness and compactness in (Ff scal X), Hena) and (Fiiscp(X), Hena), 
respectively. Here we mention that the characterization of relatively com- 
pactness in (Fiigcop(X), Hsena) has already been given by Greco [6]. 

The total boundedness is the key property of compactness in metric space. 
We show that a set U in (Fiigcc(X), Hena) is totally bounded (respectively, 
relatively compact) if and only if for each a € (0, 1], the union of all the a- 
cuts of u € U is totally bounded (respectively, relatively compact) in (X, d). 
We also show that a set U in (Fiisop(X), Hsena) is totally bounded if and 
only if the union of all the 0-cuts of u € U is totally bounded in (X, d). 

It is shown that for a set U in (Figog(X), Hena) or (Fasop(X), Hsena), 
the total boundedness, relative compactness and compactness of U are closely 
related to the total boundedness, relative compactness and compactness of 


the union of all the a-cuts of u € U in (X, d), respectively. 

We point out that some part of the proof of the characterizations in this 
paper is similar to the corresponding part in [10]. But in general, since a set 
in X need not has the properties of the set in R™, the proof of the conclusions 
in this paper requires deep understandings of the problem. 

The third part is the completions of several common fuzzy set spaces 
under the Heng metric and the Hseng metric, respectively. T 

Let X denote the completion of X. We show that the space (Pf scep( X), Hsena) 
is a completion of the fuzzy set space (Fi soglX ), Hsena). Then we show 
that (Fhoog(X), Hena) is a completion of (Fiigapg(X), Hea). So, of course, 
(Fi.soq(X), Hena) is also a completion of (Fisoq(X), Hena). 
> These conclusions indicate that in the case of the Hena metric, a comple- 
™ tion of the space of common compact fuzzy set in X is the space of common 
+ fuzzy set in X; in the case of the Hena metric, a completion of the space 
of common compact fuzzy set in X is a metric space in which the space of 
common compact fuzzy set in X can be isometrically embedded, and each 
element of which is a nonempty compact set in X x (0, 1]. 

The conclusions for the completions of the spaces of fuzzy set in X given 
in this paper apply to not only the cases that X is a complete metric space 
but also the cases that X is an incomplete metric space. 

The remainder of this paper is organized as follows. In Section 2, we recall 
and give some basic notions and fundamental results related to fuzzy sets and 
convergence structures on them. In Section 3, we discuss the properties and 
relations of Agena, Hena and Kuratowski convergence on Picco (X). Based 
on this, we give some relations among Hena, Hsenq and T-convergence on 
Fitsc(X). In Sections 4 and 5, we investigate the level characterizations 
of the [-convergence and the Heng convergence, respectively. By using the 
above results, Section 6 discusses some relations among the d, metric, the 
dy metric, the Heng metric and the Hsena metric. In Section 7, on the basis 
of the conclusions in previous sections, we give characterizations of total 
boundedness, relative compactness and compactness in (Figcq(X), Hena) 
and (Fiscp(X), Hsena), respectively. In Section 8, we give completions of 
(Fiscal X), Hena) and (Fiiscp(X), Hsena), respectively. At last, we draw the 
conclusions in Section 9. 


2. Fuzzy sets and convergence structures on them 


In this section, we recall and give some basic notions and fundamental 
results related to fuzzy sets and convergence structures on them. Readers 
can refer to [2, 15, 23] for related contents. 

A fuzzy set u in X can be seen as a function u : X — [0,1]. A subset S 
of X can be seen as a fuzzy set in X. If there is no confusion, the fuzzy set 
corresponding to S is often denoted by xs; that is, 


ge 1, «eS, 
ASOT 0, ex Vis 


For simplicity, for x € X, we will use to denote the fuzzy set yy} in X. 
In this paper, if we want to emphasize a specific metric space X, we will 
write the fuzzy set corresponding to S in X as Spx), and the fuzzy set 
corresponding to {x} in X as Trx). 

The symbol F(X) is used to denote the set of all fuzzy sets in X. For 
u € F(X) anda € [0,1], let {u > a} denote the set {x € X : u(x) > a}, 
and let [u], denote the a-cut of u, i.e. 


{ce X:u(rz) >a}, ae (0,1, 
u = ee 
suppu = {u > 0}, a = 0, 


where S denotes the topological closure of S in (X, d). 
For u € F(X), define 


endu := {(x,t) € X x [0,1] : u(x) > t}, 
sendu := {(x,t) € X x [0,1] : u(x) > t} A ([ulo x [0, 1]). 


end u and send u are called the endograph and the sendograph of u, respec- 
tively. 

The symbol K(X) and C(X) are used to denote the set of all nonemp- 
ty compact subsets of X and the set of all nonempty closed subsets of X, 
respectively. 

Let Fiisc(X) denote the set of all normal and upper semi-continuous 
fuzzy sets u : X — [0,1], i.e., 


Figo(X) := {u € F(X) : [ula € C(X) for all a € [0, IJ}. 


We introduce some subclasses of Ff go(X), which will be discussed in this 
paper. Define 


Foscp(X) := {u € Fusc(X) : [ul € K(X)}, 
Fosco(X) := {u € Ffscl(X) : [ula € K(X) for all a € (0, 1]}. 


Clearly, 
Fuscp(X) © Fosce(X) © Fosc(X)- 


The set of (compact) fuzzy numbers are denoted by E”. It is defined as 


E™ := {u € Figgop(R™) : [ula is a convex subset of R” for a € [0, 1]}. 


Fuzzy numbers have attracted much attention from theoretical research and 
practical applications [1, 2, 5, 8, 21, 23}. 

Let (X,d) be a metric space. We use H to denote the Hausdorff dis- 
tance on C(X) induced by d, i.e., 


H(U, V) = max{H"(U,V), H°(V,U)} 
for arbitrary U,V € C(X), where 


H*(U, V) = sup d (u, V) = sup inf d (u, v). 


ucU ueU VEV 


The metric d on X x [0, 1] is defined as 


d((z, a), (y, 8)) = d(x, y) + la — £l. 


If there is no confusion, we also use H to denote the Hausdorff distance on 
C(X x [0,1]) induced by d. 


Remark 2.1. p is said to be a metric on Y if p is a function from Y x Y 
into R satisfying positivity, symmetry and triangle inequality. At this time, 
(Y, p) is said to be a metric space. 

p is said to be an extended metric on Y if p is a function from Y x Y into 
R U {+00} satisfying positivity, symmetry and triangle inequality. At this 
time, (Y, p) is said to be an extended metric space. 

We can see that for arbitrary metric space (X, d), the Hausdorff distance 
H on K(X) induced by d is a metric. So the Hausdorff distance H on 
K(X x [0,1]) induced by d on X x [0,1] is a metric. In these cases, we call 
the Hausdorff distance the Hausdorff metric. 


The Hausdorff distance H on C(X) induced by d on X is an extended 
metric, but probably not a metric, because H(A, B) could be equal to +00 
for certain metric space X and A, B € C(X). Clearly, if H on C(X) induced 
by d is not a metric, then H on C(X x [0,1]) induced by d is also not 
a metric. So the Hausdorff distance H on C(X x [0,1]) induced by d on 
X x [0,1] is an extended metric but probably not a metric. In the cases 
that the Hausdorff distance H is an extended metric, we call the Hausdorff 
distance the Hausdorff extended metric. 

We can see that H on C(IR™) is an extended metric but not a metric, and 
then the same is H on C(R™ x [0, 1]). 

In this paper, for simplicity, we refer to both the Hausdorff extended 
metric and the Hausdorff metric as the Hausdorff metric. 


The Hausdorff metric has the following important properties. 


Theorem 2.2. /15, 19] Let (X,d) be a metric space and let H be the Haus- 
dorff metric induced by d. Then 

(i) (X,d) is complete = > (K(X), H) is complete; 

(ii) (X,d) is separable — > (K(X), H) is separable; 

(iii) (X,d) is compact => (K(X), H) is compact. 


Rojas-Medar and Roman-F lores [18] introduced the Kuratowski conver- 
gence of a sequence of sets in a metric space. 

Let (X, d) be a metric space. Let C be a set in X and {Cn} a sequence of 
sets in X. {Cn} is said to Kuratowski converge to C according to (X,d), 
if 

C = liminf Cn = lim sup Cy, 


n—> Co n= 


where 


liminf Cn = {xr E X: x= lim Tn, £n E€ Cn}, 
noo noo 


lim sup Cn = {z = xX: rT = lim Znj, Tn; E Ch} = N © Cm- 


n— oo 
n=1 m>n 


In this case, we'll write C = lim) ~ Cn according to (X,d). If there is 


n—> co 
no confusion, we will not emphasize the metric space (X, d) and write {Cn} 


; . K ; bet 
Kuratowski converges to C or C = lim( Ss Cn for simplicity. 


Remark 2.3. Definition 3.1.4 in [15] gives the definitions of liminfC,, 
lim sup Cn and lim C, for a net of subsets {C,,n € D} in a topological space. 
When {Ch, n = 1,2,...} is a sequence of subsets of a metric space, lim inf Cr, 
lim sup C, and lim C, according to Definition 3.1.4 in [15] are lim inf, ... Cn, 


lim suppe Cn and lim“). Cn according to the above definitions, respective- 
ly. 


Rojas-Medar and Roman-Flores |18] have introduced the [-convergence 
on F} scg(R™) by using the Kuratowski convergence. Similarly, we can define 
the T-convergence of a sequence of fuzzy sets on Figo (X). 

Let u, Un, n = 1,2,..., be fuzzy sets in Fico (X). {un} is said to T- 
converge to u, denoted by u = lim? Un, if endu = lim) end Un 
according to (X x [0,1], d). 

Let (X, d) be a metric space and let u € F(X). Then from basic analysis, 
the following three properties are equivalent: 


(i) u is upper semi-continuous; 


(ii) end u is closed in (X x [0,1], d); 


(iii) sendu is closed in (X x [0,1], d). 


The endograph metric Heng and the sendograph metric Hgenq can be de- 
fined on Fijgc(X) as usual. For u,v € Fiso(X), 


Hena(u,v) := H (end u, end v), 
Hygena(u,v) := H (send u, send v). 


The endograph metric Heng and the sendograph metric Heena are defined 
by using the Hausdorff metric on C(X x [0,1]) induced by d on X x [0,1]. 
The dx metric on Fygc(X) is defined as 


doo(u,v) := sup{H (lula, [v]a) : œ € [0, 1]}. 
Proposition 2.4. Let u,v € Fipgo(X). Then 
dælu, v) > Hsenalu, v) > Henalu, v). (1) 
Proof. (The proof is routine.) Note that for each (x,a) € send u, 


d((z,a),sendv)= inf — d((z,a),(y,8)) 


(y,8)€send v 
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< inf  d((zx,a),(y,a)) 


(y,@)€send v 


= inf d(x,y) 


(y,a)€send v 


= inf d(x,y) = d(x, [v]a). 


yElv]a 
Thus 
H*(sendu,sendv)= sup d((x,a),sendv)= sup sup d((x,a),sendv) 
(x,a)Esend u ac [0,1] (x,œ)Esend u 

< sup sup d(x, [v]ja)= sup sup d(z, [v]a) 

a€ [0,1] (x,œ)Esend u ac[0,1] zEļu]a 
< sup A" (lula; le) < dœ (u, v). (2) 

ac [0,1] 


Similarly H*(send v, sendu) < dœ(v, u) = dx(u,v) (Clearly H* (send v, send u) < 
d,.(v, u) can also be obtained by interchanging u with v in H* (send u, send v) < 
d (u,v) in (2)). So we have 


Agena(u, v) = max{ H* (send u, send v), H*(send v, send u)} < dolu, v). 


The conclusion Hena(u,v) < Hsena(u, v) follows from Theorem 3.1 (i). 


Remark 2.5. We can see that Heng is a metric on Figo(X) with Heng(u,v) < 
1 for all u,v € Figo (X). Both dœ and Heena are metrics on Fipgop(X). 
However, each one of dæ and Hsena on F ak ) is an extended metric but 
probably not a metric. See also Remark 3.3 in [11]. 

We can see that both doo and Hyena on Fijscg(R™) are not metrics, they 
are extended metrics. 

For simplicity, in this paper, we call Hsena on Fi gc(X) the Hseng metric 
or the sendograph metric Hygeng. We call dœ on Fijgo(X) the dœ metric or 
the supremum metric dy. 


3. Hena, Hsena and Kuratowski convergence on Pl sol(X) 


In this section, we introduce P$sc(X) and its subset Phocp(X), and 
define the Agena distance and the Heng distance on Phsgcl( X). We discuss 
the properties and relations of Hena, Hena and Kuratowski convergence on 
Pisc(X). Based on this, we give some relations among Hena, Hsena and 
[-convergence on Figo(X). 


Since Fijgo(X) and Fiigcp(X) can be seen as subsets of Pico (X) and 
Piscp(X), respectively, the conclusions on Ptgc(X) and Phocp(X) are use- 
ful for the discussions of fuzzy sets in this paper. 

For u C X x [0,1] and a € [0,1], let (uja := {x : (x, a) € u}. Phsc(X) 
and Piscp(X) are subsets of the power set of X x [0,1] defined by 


Pysc(X) := {u C X x [0,1] : (ua = ( | (u)g for all a € (0, 1]; 
B<a 
(uja E€ C(X) for all a € (0, 1]}, 
Phsop(X) := {u € Phgo(X) : (u)a € K(X) for all a € (0, 1]}. 


Clearly Piscp(X) © Pisc(X): 
From the basic analysis, we can obtain that 
(i) if u € Piso(X), then u € C(X x [0,1]); 
(ii) if u € C(X x [0,1]), then (uja € C(X) U {0} for all a € [0, 1); 
(iii) if u € Piscp(X), then u € K(X x [0, 1]); 
(iv) if u € K(X x [0,1]), then (uja € K(X) U {0} for all a € [0, 1]. 
So we have 


Phsc(X) = {u € C(X x [0, 1]) : (u) # 0, (ua = () (u)s for all a € (0, 1]}, 
B<a 


Pysop(X) = {u € Pygo(X) : u € K(X x (0, 1))}. 
We define the Hseng distance and the Hena distance on Pygo(X): 


Halt, v) := H (u,v), 
Haalt, v) = H(u, v), 


where H is the Hausdorff metric on C(X x [0, 1]) induced by d on X x [0, 1], 
and u := u U (X x {0}). Clearly, Hsena is an extended metric on Phgc(X) 
and Hena < 1 on Phool X). 

If X contains more than one point, then Hyg is a pseudometric on 
Pigc(X); that is, Hena satisfies symmetry and triangle inequality, and for 
all u,v € Pisc(X), 0 < Hena(u,v) < +00 and Hena(u,u) = 0. However, at 
this time, Hena is a not a metric on Ptgo( X) because Heng do not satisfy the 
positivity. An example is given as follows. Let x,y € X with z 4 y. Define 
u € Pysop(X) given by (uja = {x} for all a € [0,1], and v € Phecp(X) 
given by (vja = {x} for a € (0,1] and (v)o = {x,y}. Then u # v and 
Hoaalu, v) =. 
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Consider the function f : Fi.go(X) > Pihsco(X) given by f(u) = send u. 
Then 


e f is an isometric embedding of (Fijsc(X), Hsena) in (Pi-so(X), Hsona)- 
e flr 


Hence (Fijsc(X), Hsena) can be embedded isometrically in (Pisc(X), Hsena), 
and (Fijscp(X), Hsena) can be embedded isometrically in (Phgcp( X), Hsena)- 
For u € Fiigo(X), we define X := f(u). Then W € Phoo(X). 
For v € Pisgc(X), we define v' € f(Fiisc(X)) © Phsc(X) given by 


x) is an isometric embedding of (F$ scg( X), Hsena) in (Po scp(X), Hsena): 


uscB(*) 


Define Y := f~! (v'). Then Y € Fhgc(X). 

= For u,v € Fłso(X), Hsena(u, v) = Heena (U, V) and Hena(u,v) = Hona (U, V). 
ae For u,v € Phoo(X), Hena(u,v) = Honau, V). 

© For a subset U of Fłsc(X), we use U to denote the set {it :u cU}. 

For w € Pigc(X), the following are equivalent: (i) w € Fġsce(X); (ii) 


(w)o = Unos; (iii) w = w = D; (iv) (w) = [T]. 


Theorem 3.1. Let (X,d) be a metric space. For u,v € Pigo(X): 

@ Henalu, v) = Hsenalu, v); 

(ti) H({u)o, (v)o) < Hsenalu, v); 

(iii) If Haa v) <1, then Hsenalu, v) < Honalu, v) + H((u)o, (w)o). 

For a sequence {un} in Phoo(X) and u in Pioo(X): 

(iv) Hseng (Un, u) > 0 if and only if Hena(Un; u) > 0 and H((un)o, (uo) > 
(v) lim’? un = u if and only if lim Un = u and tia) ino = a 


ee N—->Co 


Proof. Clearly (i) and (ii) are true. The proof of (i) and (ii) are routine. 
To show (i), let (x,a) € u. If a = 0, then d((z,a),v) = 0 < H*(u,v). If 
a > 0, then (x,a) € u and d((z,a),v) < H*(u,v). From the arbitrariness of 
(x,a) in u, we have H*(u,v) = SUP(z,a)eu 4( (2, @), v) < A*(u,v). Similarly 
H*(v,u) < H*(v,u). So Haalu,v) = H(u,v) < H(u,v) = Hsenalu, v), i.e. 
(i) is true. 
To show (ii), let (x,0) € u. If (y, a) € v, then (y, 0) € v and d((x,0), (y,a)) > 
d((x,0), (y,0)). Hence d(x, 0), v) = inf ( (y,a)ev d((x, 0), (y,@)) = inf (y,o)ev d((x,0), (y, 0)) = 
infyc(), Uz, y) = d(x, (vo). Since (x,0) € u if and only if x € (uo, thus 
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H*((u)o, (v)o) = SUPze(u)y U(X, (vo) = SUP(e0)eu A((#, 0), v) < H” (u, v). Sim- 
a o , (u)o) < H (v, u). So H((u)o, (v)o) < H(u,v) = Hsenalu, v), 
i.e. (ii) is true. 

To show (iii), let (x,a) € u. Then d((z,a),v) < a + d(x, (vo). If 
a > d((x,a),v), then d((x,a),v) = d((x,a@),v). Hence 


Heng (ti, v), a > Healt, v), 
d((x, a), v) < l a + H((u)o, (v)o), a € [0,1]. 


Thus for u,v € Pago(X) with Hena(u,v) < 1 
Hena lu, v) < Henalu, v) + H((u}o, (vo). (3) 


So (iii) is true. We can see that if one of the following conditions (i) 
Hena(u,v) = 0, (ii) H((u)o, (v)o) = 0, and (iii) H((u)o, (v)o) = +00 hold, 
then “=” can be obtained in (3). However, the converse is false. 
(iv) follows ae from (i), (ii) and (iii). Below we verify (v). 
Suppose that lim“). un = u. To show lim). Un = u and lim (tn)o = 
(uo, we only need to show that 


u Climinf un, limsup un C u, 
n—+oo n— oo 


(u)o C lim inf (Un)o, lim sup(un)o C (u)o. 
n> n— oo 

Let (x,a) € u. If a = 0, then clearly (x,a) € liminfp.Un. If a > 0, 
then (x,a) € u, and thus (x,a) € liminf,_,.. Un C liminf,_,.. Un. So u C 
lim infr Un- 

Let (x,a) € lim SUPpoo Un- If a = 0, then clearly (x,a) € u. Ifa > 0, 
then (x, a) € lim SUP, so Un = u C u. So lim suppsoo Un C u. 

Let x € (u)o. Then (z, 0) € u = liminf,_,.. Un. Thus there is a sequence 
{(£n, an) } such that (£n, an) E€ Un, n = 1,2,... and (x, 0) = limpo l £n, Qn). 
Hence fp € (uno and z = limp 550 Zn. So (uo C lim infnsoolUn)o.- 

Let x € limsup,_,,,(Un)o. Then there is a sequence {x,,} such that 
tine © Cin. 0, = 1,2,... and z = lt Zn; Thus (x,0) = lini 0) € 
lim SUPp po Un = U. H ae x € (u)o. So limsup,, ,.,(Un)o C (u)o. 


Suppose that lim) (K) 


Un = u and lim | (um)o = (uo. To show lim) un = 
u, we only need to show that 


u C liminf un, lim sup un C u. 
n—+oo n—0o 
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Let (x,a) € u. If a = 0, then x € (uo = lim) (un)o- Thus there is a 


sequence {£n} such that £n € (unjo, n =1,2,... and x = lim, ,.02%n. Hence 
(x,a) = (x,0) = lng ses (in 0) € Mil, 25 Un. 

Ifa > 0, then from (x, a) € u = lim) Un, there is a sequence { (£n, Qn) } 
such that (x,a) = limy+c0(%n; an), and (Zn, Qn) E Un and a, > 0 for n = 
1,2,.... Thus (£n, Qn) E€ Un, n = 1,2,... and hence (x, a) € lim infnno Un. 

Let (x, œ) € limsup,,_,., Un. Then (x, a) € limsup,_,., Un = u. Note that 


x E limsup,, ,.,(Un)o = (u)o, thus (x, a) € u. 


CA Let u,v € Fhso(X). Then Y, Y € Phsc(X), and the following holds 


> Heena(u, 0) = Hena U, V), 
= Henalu, v) = Haalt, T), 
H ([ulo, [vlo) = H( (%0, (W)o). 


Thus (i), (ii) and (iii) in Theorem 3.1 imply that 


Heonalu, v) < Hena lu, v), (4) 
H ([u]o, [v]o) < Hsena(u, v), (5) 


and if Hena(u,v) < 1, then 
Hewal(u, v) < Hena(u, v) + H([ulo, lelo). (6) 
Proposition 3.2. Given u, un, n = 1,2,... in Figo (X). Then 
(i) Hsenalun, u) > 0 if and only if Henalun, u) > 0 and H([un]o, lulo) > 0. 


© (ii) lim“), send u, = send u if and only iflim® | un = u and lim) fun]o = 


lu]o. 


Proof. (i) follows immediately from (4), (5) and (6). (i) can be seen as a 
special case of the clause (iv) in Theorem 3.1. (ii) can be seen as a special 
case of the clause (v) in Theorem 3.1. 


We suspect that the following Theorem 3.3 is an already known conclu- 
sion, however we can’t find this conclusion in the references that we can 
obtain. It can be proved in a similar fashion to Theorem 4.1 in [10]. In this 
paper, we exclude the case that C = Q. 
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Theorem 3.3. /10] Suppose that C, Cn are sets in C(X), n = 1,2,.... Then 
H(C,,C) — 0 implies that lim” C, =C. 


Noo 
Remark 3.4. From Theorem 3.3, we obtain that for u, un, n = 1,2,... in 
Phoo(X): (i) Hena(tn, u) > 0 implies that lim) Un = u; (ii) Hsena (Un, u) > 
(K) 


0 implies that lim}*/., Un = u. 
So for u, up, n = 1,2,... in Fġsol(X): (iü) Henalun, u) > 0 implies that 


lim® un = u; (iv) Heena(Un, u) — 0 implies that lim“). send u, = send u. 


The converses of the implications in clauses (i), (ii), (iii) and (iv) in 
aA Remark 3.4 are false. Let u = [0,+00) Fe) and for n = 1,2,..., let un = 
` a [0, n]r). Then lim) sendu, = sendu, but Hena(un,u) = 1 Æ 0. So 
> combined with Proposition 3.2, the converses of the implications in (iii) and 
(iv) are false, and thus the converses of the implications in (i) and (ii) are 


false. 


4. Level characterizations of [-convergence 


© In this section, we investigate the level characterizations of the [-convergence. 
7 It is shown that under some conditions, the [-convergence of fuzzy sets can 
be decomposed to the Kuratowski convergence of certain a-cuts. 

We need the following conclusion, which is Lemma 2.1 in [10]. 


Lemma 4.1. /10/ Let (X,d) be a metric space, and Cn, n = 1,2,..., be a 
sequence of sets in X. Suppose that x E€ X. Then 

(i) x € lnninty 55 Cn if and only if limno d(z, C,) = 0, 

(ii) x € limsup,,,.,Cn if and only if there is a subsequence {Cn} of {Cr} 
such that iMg d£, Cn) = 0. 


Rojas-Medar and Román-Flores [18] have introduced the following useful 
property of the I-convergence. 


Theorem 4.2. /18/ Suppose that u, un, n = 1,2,..., are fuzzy sets in 
Fhoo(X). Then lim? un = u if and only if for all a € (0, 1], 
{u >a} C liminflunla C limsup[unla © [ula. (7) 
n—00 n—00 


Proof. Sufficiency. Suppose that (7) is true for all a € (0,1]. To show 
that lim” | Un = u, it suffices to prove that endu C liminf,_,,,endu, and 


lim sUPp sœ end Un C endu. 
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To show that end u C liminf,_,.. end un, let (x,a) E€ endu. We only need 

to show that (x,a) € liminf,,.. end un. It suffices to verify, by Lemma 4.1, 
that 

lim d((x,a),end un) = 0. (8) 


noo 


If a = 0, then clearly (8) is true. Suppose a € (0, 1]. Then for each k € N, 
xz € {u > a(1— #)}, and therefore from (7), x € lim infpoo[UnJa(1—3.)- 
By Lemma 4.1, limp. d(z, [Unlaci—3.)) = 0. So there is an N such that 


d(x, lun]aa-4)) < = forall n > N. Hence d((x,a),endun) < ¢ for all 
n > N. From the arbitrariness of k, we thus have that (8) is true. 

To show that lim supp sœ End Un C endu, let (x, œ) € limsup,, ,,, end Un- 
it suffices to verify that (x,a) € endu. If a = 0, then clearly (x,a) € endu. 
Suppose that a > 0. Then there is an sequence {(£n,, Qn, ) e satisfying 
(Enp: Qn) € end up, for k = 1,2,... and limz_,. d(@n,, On, ), (x, @)) = 0. So 
for each m € N, x € lim SUPrhoolUnla(1- 1)» and hence, by (7), x € [u]aa—+): 
From the arbitrariness of m, we have x € fu]a, and thus (x,a) € endu. 

Necessity. Suppose that lim) | un = u. Let a € (0, 1]. To show (7), we 
only need to verify that {u > a} C liminf,_,../unlq and limsup,_,,,/Unla © 
[ula- 

Suppose that x € {u > a}. Then there is a 8 > a such that (2,8) € 
end u = liminf,,,.. end un. Hence there is a sequence { (£n, Bn) } {25 satisfying 
(tn, Bn) E€ endt,, n = 1,2,... and limp, d (£n, Bn), (x, 8)) = 0. Notice 
that there is an N € N such that z, € {un > a} for al n > N. So 
x € liminf, ,.0[tnla. Thus we have {u > a} C liminf,_,..[UnJa- 

Suppose that x € limsup,,,..[UnJa. Then there is an sequence {2p, = 
satisfying Zn, € [un;]a; j = 1,2,... and limj..d(%n,,2) = 0. Hence 
limi A((tn,,@), (£, @)) = 0. Notice (£n;, a) € end un, and therefore (x, a) € 
lim sup,,_,.. End Un = endu. So x € [uja. Thus we have limsup,,,,.[Unla C 
lu]a. 


Remark 4.3. Rojas-Medar and Román-Flores (Proposition 3.5 in [18]) p- 
resented the statement in Theorem 4.2 when u, un, n = 1,2,..., are fuzzy 
sets in Æ™. Since we can’t find a proof for Proposition 3.5 in [18], we give a 
proof here. 


Corollary 3.2.13 in [15] states that for each net of subsets {A,,n € D} in 
a topological space, lim inf Cn and lim sup Ch according to Definition 3.1.4 in 
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[15] are closed sets. From the fact illustrated in Remark 2.3, we know that 
Corollary 3.2.13 in [15] implies the following Theorem 4.4. 

Theorem 4.4 is Theorem 2.1 in [10]. Of course, the conclusion that 
lim sup,,_,., Cn are closed sets in (X, d) in Theorem 4.4 can also be deduced 
from the fact that limsup, ,.,Cn = N U Cn. 


n=lm>n 
Theorem 4.4. /10, 15/ Let (X,d) be a metric space and let {Cn} be a se- 


quence of sets in X. Then liminfn.C, and limsup,_,,,Cn are closed sets 
in (X,d). 


= Theorem 4.5. Suppose that u, un, n= 1,2,..., are fuzzy sets in Fhgc(X). 
> Then lim™) ~ un = u if and only if for all a € (0, 1], 


{u > a} C liminf[un]a C lim supfun]a © fula. 
n—> 00 


n—> o0 


Proof. The desired result follows from Theorems 4.2 and 4.4. 


© Remark 4.6. Suppose that u, un, n = 1,2,..., are fuzzy sets in Figo (X). If 
lim) uy = u, then by Theorems 4.4 and 4.5, [u]o = {u > 0} C lim infn+co[Unlo- 
In this case [u]o s lim inf,,,.0[tn]o could happen. For example, let u = Ora) 


N and for n = 1,2, ..., define up € Ffscp(R) as 

1, x = 0, 
a un = $ 1l/n, x€ (0,1], 
pn 0, otherwise. 


Tie 


Then Hena(n, u) > 0, and therefore from Remark 3.4 lim? Un = u. And 
lulo = {0} = [0, 1] = Timing (tba lis 
By Proposition 3.2, lim™ uy, = u and [uJo D limsup,_,.,{unJo if and 


only if lim“). send un = send u. 


Let u € F(X). Denote 


D(u) := {a € (0,1): [ula £Z {u > a}}, 
P(u) := {a € (0,1): {u > a} S [ula}. 


A number a in P(u) is called a platform point of u. Clearly P(u) C D(u). 
P(u) & D(u) could happen. See Example 4.7. 
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Example 4.7. let u € F(R) defined by 


1, «x €(0,1), 
u(ļx)= < 0.6, x€ [1,3], 
0, xæ € R\ (0,3). 


Then P(u) = Ø and D(u) = {0.6}. So P(u)  D(u). 


Theorem 5.1 in [10] says that D(u) is at most countable when u € F(R”). 
In a similar manner, we can show the following Theorem 4.8. Then we will 
give Theorem 4.9 which is a generalization of the above conclusions. Its proof 
is based on the well-known result: 


e each separable metric space is homeomorphic to a subspace of the 
Hilbert space l? := {(x;)f20 : 77°) 4? < +00}. 
Theorem 4.8. Let u € F(I?). Then the set D(u) is at most countable. 


Proof. The proof is similar to that of Theorem 5.1 in [10]. A sketch of the 
proof is given below. 

Similarly as in [10], for u € F(l?), t € I? and r € Rt, we can define 
Sutr(-,:):S* x [0,1] + {-c0o} UR by 


saya f =; if [ula O B(t, r) = 4, 
Sut (e, a) l sup{ (e,z — t) : x € [ulaN Bt, r)}, if lula N Blt, r) # 0, 


where S! := {e € I° : ||el| = 1} and B(t,r) := {x EP: |x — t|| < r}. 

Similarly as in [10], we can define D(u,t, r,e), which is the discontinuous 
point of S,,4,(e,-). 

Proceed as in the proof of Lemma A.1. in [10], we can show the conclusion 
corresponding to Lemma A.1. in [10]: D(u,t, r) = Ucegi D(u, t, r, e) is at most 
countable. 

Here we mention that the narrative of the proof of formula (A.6) in The- 
orem 5.1 in [10] can be slightly simplified. The detailed operations are per- 
formed as follows: replace Lines 1 and 2 from the bottom in Page 82 and 
Lines 1 and 2 in Page 83 in [10] by 


e Since 2(a, b) = |ja||? + |lb||? — |a — b||? for each a,b € R”, then 


(y-q@e—-4q) -jesa +lly—all? - lle - yl? 


(e,z —q) = 
lly — all 2\|y — ql 
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Note that 2(a, b) = ||a||? +|]b||? — ||a— b||? for each a,b € I?. So proceed as 
in the proof of Theorem 5.1 in [10], we obtain the conclusion corresponding 
to Theorem 5.1 in [10]: D(u) is at most countable. 


Theorem 4.9. Let (X,d) be a metric space and u € F(X). If ([ulo,d) is 
separable, then the set D(u) is at most countable. 


Proof. Let f be a homeomorphism from ([u]o, d) to a subspace of /?. Con- 
sider uş € F(I?) defined by 


_f uf), tE lulo), 
oe { 0, t € P\ f([ulo). 


Then by Theorem 4.8, D(uy) is at most countable. To show that D(u) is at 
most countable, it suffices to show that D(u) = D(ur). 
For S C [ulo, let 5° denote the topological closure of S in ([u]o,d). 
ee: 3 
For W C f([uJo), let W denote the topological closure of W in I’, and let 
wi denote the topological closure of W in f([u]o), here we see f([u]o) as 
a metric subspace of 1°. 
Note that for each x € [ulo, u(x) = us(f(a)). So for each a € [0,1] and 
each x € [ulo, 


x €E [tla > f(x) € lusla, 
and 
meas eoetuen Sia ¢n co Sen ea. 


This implies D(u) = D(ur), since 
D(u) = {a € (0,1): there exists x € fu]a such that z ¢ {u > a}}, and 
D(uy) = {a € (0,1): there exists f(x) € [uf]a such that f(a) € {ur > ay }. 


Corollary 4.10. Let (X,d) be a separable metric space and u € F(X). Then 
the set D(u) is at most countable. 


Proof. Since every subspace of a separable metric space is separable, ([{u]o, d) 
is separable. Thus, by Theorem 4.9, D(u) is at most countable. 
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Remark 4.11. It is well-known that both R” and l? are separable metric 
space. Thus both Theorem 5.1 in [10] and Theorem 4.8 are special cases of 
Corollary 4.10, which is a corollary of Theorem 4.9. So Theorem 4.9 is a 
generalization of Theorem 5.1 in [10] and Theorem 4.8. 


Remark 4.12. Theorems 4.8, 4.9 and Corollary 4.10 remain true if D(u) is 
replaced by P(u), since P(u) C D(u). 
If u € Fig (X), then clearly P(u) = D(u). 


Theorem 4.13. Suppose thatu, un, n =1,2,..., are fuzzy sets in Figc(X). 
Then the following statements are true. 


> (i) If there is a dense set P in (0,1) such that [ula = lim) [un]a for 
= a € P, then u = lim” | Un. 
(ii) If u = lim® un, then [uly = lim) fun]a for all a € (0,1) \ P(u). 


Proof. The proof of (i) is similar to “(ii) > (i)” in the proof of Theorem 6.2 
n [10]. (ii) follows immediately from Theorem 4.5. 


The following theorem gives a condition under which the ['-convergence 
N of fuzzy sets can be decomposed to the Kuratowski convergence of certain 
S a-cuts. 


Theorem 4.14. Suppose thatu, un, n =1,2,..., are fuzzy sets in Figc(X). 
If (Julo, d) is separable, then the following are equivalent: 


Tia 


(2) lim”) ün =U; 
(ii) lim’), un = u holds a.e. on a € (0,1); 


(iii) [uly = lim) [una holds for all a € (0,1) \ P(u); 


n—> o0 


(iv) There is a dense subset P of (0,1)\P(u) such that lim’) funla = [ula 
holds for a € P; 


(u) There is a countable dense subset P of (0,1)\P(u) such that lim) [un]a = 


[ula holds fora € P. 
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Proof. (i)=(iii) is (ii) of Theorem 4.13. Clearly (iii)>(iv)>(v). (i) of 
Theorem 4.13 implies that (v)=(i) and (ii)=(i). 

We shall complete the proof by showing that (iii) (ii). This follows from 
the fact that P(u) is at most countable, which is pointed out by Theorem 
4.9 and Remark 4.12. 


Remark 4.15. By Lemma 5.3, if u € Fiscg(X) then P(u) is at most 
countable. So from the proof of Theorem 4.14, we know that Theorem 4.14 
remains true if “([u]o, d) is separable” is replaced by “u € Fiigscg(X)’. 

Here we mention that the condition “u € Fiigscg(X)” implies the condi- 
tion “([u]o, d) is separable”. Let u € Ffscga(X). Then for each a € (0, 1], 
([u]a, oe is separable, because each compact metric space is separable. Since 


lulo = UES [ulin we have that ([u]o, d) is separable. 


Remark 4.16. Example Appendix A.4 shows that there exist u and up, 
n=1,2,... in Fisc(re@,110; 3]) such that 

(i) Hsena(Un, u) > 0, 

(i) (0,1) \ Plu) =f, 

(iii) {[un]a} does not Kuratowski converge to [u]a when a € (0, 1], 

(iv) u = lim} 4 Un. 

The above (i)-(iii) are shown in Example Appendix A.4. From Proposi- 
tion 3.2 and Remark 3.4, the Hsena convergence implies the I-convergence 
on Fé sc(T].¢(0,1j10; 3]). Hence (i) implies (iv). 

From (ii), for each {vn} in Fisc(TI,e(0,10,3]), the statement “{[vn]a} 
var Maile converges to [u]a for a € (0,1) \ P(u) ” is true. However “u = 


lim®) vu,” is not necessarily hold. 


ae n 

So from Example Appendix A.4 we know: the converse of the implication 
in statement (i) of Theorem 4.13 does not hold; the converse of the implica- 
tion in statement (ii) of Theorem 4.13 does not hold; the condition “({u]o, d) 


is separable” can not be deleted in Theorem 4.14. 


5. Level characterizations of endograph metric convergence 


In this section, we discuss the level characterizations of endograph metric 
convergence. It is shown that under some condition, the Hena metric conver- 
gence of fuzzy sets can be decomposed to the Hausdorff metric convergence 
of certain a-cuts. 
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Let u be a fuzzy set in Figo (X). Denote 
Polu) = {a € (0,1) : lim Hus, la) # 0} 


Clearly P(u) C Po(u) for u € Figco(X). P(u) & Po(u) could happen. See 
Example 5.1. 


Example 5.1. Let u € Fiisc(R’) defined by 


[ula = {0} U {z: argz € fa, 1]} for each a € (0, 1], 


here we write each (x,y) € R? as a complex number z = x + iy. Then 
P(u) =@ and Po(u) = (0,1). So P(u) G Po(u). 

This example also shows that for u € Fijso(X), Po(u) need not be at 
most countable even X is a separable metric space. 


Lemma 5.2. /11] Let U, € K(X) forn =1,2,.... 

(i) fU, DU, D>... DU, D..., then U = NS Un € K(X) and 
H(U,,U) > 0 as n > +00. 

(i) YACC... C VWC... ad V = US Va € K(X), then 
H(Va, V) 4 0 as n > +00. 


Proof. This is Lemma 4.4 in [11]. Here we give a proof using Theorem 2.2. 

Since for n = 1,2,..., U, is closed in X, then U is a closed subset of 
U, € K(X). Hence U € K(X). Since U, € K(U,) for n = 1,2,..., then by 
Theorem 2.2, {U„} has a subsequence which converges to D € K(U1). Then 
clearly H(U„, D) — 0, and thus by Theorem 3.3, D = lim“) U,, = U. So 
(i) is true. 

Since Vp € K(V) for n = 1,2,..., then by Theorem 2.2, {V,,} has a 
subsequence which converges to C € K(V). Then clearly H(V,,,C) — 0, and 
thus by Theorem 3.3, C = lim‘) V, = V. So (ii) is true. 

In chinaXiv:202107.00011v3, which is an early version of this paper sub- 
mitted in 2021-08-01, we gave this proof of (ii) and pointed out that (i) can 
be shown in a similar way. 


Lemma 5.3. For u € Fiigog(X): 

(i) limg+o— H([ulg, lula) = 0 holds for a € (0,1); 

(it) lim .o4 H([ul,, {u > a}) = 0 holds for a € (0,1); 

(iii) lims+ H([uls, (ula) =0 holds for a € (0,1) \ P(u) and P(u) = Po(u); 
(iv) Po(u) is at most countable. 
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Proof. Lemma 5.2 implies (i) and (ii). (i) and (ii) imply (iii). (iv) is Lemma 
6.12 in [11]. 


Remark 5.4. (iv) in Lemma 5.3 can also be shown in such a way: let 
u € Fisca(X), then by Remark 4.15, ([uJo,d) is separable, and thus by 
Theorem 4.9 and Remark 4.12, P(u) is countable. So from (iii) in Lemma 
5.3, we obtain that P(u) is at most countable. 


Theorem 5.5. Let u, un, n=1,2,..., be fuzzy sets in Fitgo(X). 

(i) limp4oHA*(endu,endun) = 0 if and only if for each a € [0,1) and 
€ € (0,1 —al, limp soo A*([ula+e, [Unla) = 0. 

(ii) lim; +. H*(enduy,endu) = 0 if and only if for each a € (0,1] and 
Ç € (0, a], lim, 465 H* ([un]a, lula-¢) = 0. 

Proof. We only prove (i). (ii) can be proved similarly. 

Necessity. Assume that lim,_,.. H*(endu,endu,) = 0. Let a € [0,1) 
and € € (0,1 — a]. Then for each € € (0,), there exists an N (e) such that 
for alln > N, 

H*(endu, end un) < €, 
and then 
H* ([ulot+e, [Unla) < €. 
From the arbitrariness of ¢ in (0, €), we have lim,-,.. H*([ula+e, [Un]a) = 0. 

Sufficiency. Let £ > 0. Select a k € N with 2/k < e. From (i), we have 
that for l = 2,...,k, Mno H*([u]ijk, [Un]a-1)/x) = 0. So there is an N (e) 
such that for all n > N and l = 2,..., k, 


A ([uli/e, [UnJa-ay/x) < €. (9) 
Let (x,a) € endu. If a < €, then d((z,a),endu,) < £. Suppose a > €. 
Then we can choose l € {2,..., k — 1} such that l/k < a < (1+1)/k. Hence 
by (9), for n > N, 
d((x, a), end un) 
< d(x, [un]a-1)/k) + 2/k 
< H* ((u]i/k, lun]a-1)/k) +e < 2e. 
From the arbitrariness of (x,a) € endu, it follows that H* (endu, endun) < 


2e for aln > N. 
Thus limpo H*(end u, end un) = 0 from the arbitrariness of € > 0. 
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Theorem 5.6. Let u, un, n=1,2,..., be fuzzy sets in Fi-go(X). 

(i) The following are equivalent: 
(i-1) mnno H*(end u, end un) = 0; 
(2) For each a € [0,1) and € € (0,1 — a], lig gc H* ([u]a+e, Onl) = 0; 
(i-3) There is a dense subset P of [0,1) such that for each a € P and 
E € (0,1 — qa], lim oA (Uh, ale) = 0. 

(ii) The following are equivalent: 
(ii-1) limp +oo H*(end un, end u) = 0; 
(ii-2) for each a € (0,1] and Ç € (0, a], limp +o H*(fun]a, [Ula—c) = 0; 
(ii-3) There is a dense subset P of (0,1] such that for each a € P and 
Ç € (0,a], lmtp ces H* (fun]a, lula-¢) = 0. 


Proof. Let a € [0,1) and € € (0,1 — a]. Choose 8 € PN [a,a+é). Then 
H” ([u]are; [un]a) < H* (lula+e, [Un]: 
Using this fact, we see that (i-3)=(i-2). 


(i-2)=(i-3) is obvious. From Theorem 5.5, we have (i-1)<(i-2). Thus (i) 
is proved. Similarly, we can prove (ii). 


Remark 5.7. Clearly, (i-2) is equivalent to the following (i-2)’, and (ii-2) is 
equivalent to the following (ii-2)’: 
(i-2)’ For each a € [0,1) and each sequence {ém} with ém < 1 — a and 
Em > 0+, iMn H* (lulat, nla) = 0; 
(ii-2)’ For each a € (0, 1] and each sequence {Cm} with m < a and m > 0+, 
Hits H*([unla; Mle) = 0. 

Similarly, we can give (i-3)’ and (ii-3)’ which are equivalent to (i-3) and 
(ii-3), respectively. 


Corollary 5.8. Letu, un, n=1,2,..., be fuzzy sets in Figc(X). Then the 

following are equivalent: 

(i) iMrs Henalun, u) = 0; 

(ii) For each a € (0,1), limnsoo H*([ula+e, [Unla) = 0 when € € (0,1 — a], 

and limy yoo H* ([un]a, lu]a-¢) = 0 when ¢ € (0,a]; 

(iii) There is a dense subset P of (0,1) such that for each a € P, limpo H*((uja+e, [Unla) = 
0 when € € (0,1 — a], and lim, ,. H*(fun]a, [Ula-c) = 0 when ¢ € (0, a]. 


Proof. The desired result follows from Theorem 5.6. The proof is routine. 
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Note that limno Hena(tn, u) = 0 if and only if limps H* (end u, end un) = 
0 and limno H*(endun, endu) = 0. So Theorem 5.6 implies that (i)= (ii) 
and (iii)=(i). Clearly (ii)= (iii). So (i)(ii)S(iii). 


Lemma 5.9. Letu, un, n= 1,2,..., be fuzzy sets in Fi-gc(X), and let P be 
a dense subset of (0,1). 
(i) If for eacha € P, limp+o0 H*({u > a}, [tnja) = 0, then limpo H* (end u, end un) = 
0; 
(it) If for eacha € P, limn +4. H*([Unja; lula) = 0, then limpo H*(end un, end u) = 

0) 0; 

: (iii) If for eacha € P, lim, 34. H* (u > a}, funla) = 0 and lim, ses H* (lial lla) = 

a 0, then Wittig 65 Hena (un, u) = 0. 


Proof. The desired results follow from Theorem 5.6. The proof is routine. 

Clearly for each a € [0,1), {u > a} 2 fuļa+g when € € (0,1 — a]. Thus 
the assumption for each a € P, limp. H*({u > a}, [un]a) = 0 implies for 
each a € P and € € (0,1 — a], limy4o0 A*([ulate, [Unla) = 0. Then u, un, 
=- n = 1,2,... satisfy the condition (i-3) in Theorem 5.6. Hence by Theorem 
N] 5.6, iMn H* (end u, end up) = 0. So (i) is true. 

Clearly for each a € (0,1], [ula C fuļa-¢ when ¢ € (0,a]. Thus the 
assumption for each a € P, limn+.H*({Unla; [ula) = 0 implies that for 
each a € P, limp. A*([tnla, lu]a-¢) = 0 when ¢ € (0,a]. Then u, un, 
Se n = 1,2,... satisfy the condition (ii-3) in Theorem 5.6. Hence by Theorem 
S 5.6, limy+.. H* (end un, endu) = 0. So (ii) is true. 

(iii) follows immediately from (i) and (ii) since limy.o. Hena (Un, u) = 0 if 
and only if limpo H* (end u, end un) = 0 and lim,_,.. H* (end un, end u) = 0. 

We can see that (iii) follows immediately from Corollary 5.8. 
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Lemma 5.10. Letu, un, n =1,2,..., be fuzzy sets in Figc(X). 

(i) Leta € [0,1). flim,_,.. H*(end u, endu,) = 0, and lim,_,o; H ([ul,, {u > a}) = 
0, then lim, 5.52 *({u > a}, dal.) = 0. 

(ii) Leta € (0,1). flims H* (end un, end u) = 0, and limg_,g— H ([ula, [ulg) = 

0, then limno H*(lun]a, ttle) = 0. 


Proof. We only prove (i). (ii) can be proved similarly. 
Let € > 0. Since lim,_,.4 H([ul,,{u > a}) = 0, then there is a y(a) € 
(a, 1] such that H({u > a}, fuj) < ¢/2. By Theorem 5.5 (i), limp. H* (end u, end un) = 


24 


0 implies that lim,_,.. H*([u]y, [Unla) = 0. Then there is an N € N such that 
for all n > N, H* (uly, [Unla) < €/2. Hence for all n > N, 


H*({a > o}, [un]a) < Hu > a}, (uly) + H* (luly fun]a) < €. 


From the arbitrariness of € > 0, we thus have lim, ,.. H*({u > a}, [unja) = 0. 


The assumption that lim,_,.4 H([u],,{u > a}) = 0 in (i) of Lemma 5.10 
can not be omitted. The assumption that limg.— H ([u]a, [u]e) = 0 in (ii) 
of Lemma 5.10 also can not be omitted. The following Examples 5.11 and 
5.12 are counterexamples. 


Example 5.11. Let 


2 
[ula = (—00, ra (5; 1); 
(—00, +00), [0, 1, 
and let 
[nla = (co, Sheth oE GESI pa 
(—o0, +00), ae" |, 


Then u and un, n = 1,2,... are fuzzy sets in Fġsc(R), and lim, yia A((ul,,{u > 4}) = 
+oo Æ 0. 
It can be seen that Hena(u, Un) + 0. However 


H*({u > = [un]2) = H*([ula, lun]}) = H*((—00, +00), (00, — 2 


Example 5.12. Let 


and let : 
(om) pl; 
lo = f ha oo = m= ND. ic te 


Then u and un, n = 1,2,... are fuzzy sets in Fġsc(R), and limg_,,— H (Jul, [u]e) = 
+oo Æ 0. 
We can see that Hena(u, Un) > 0. However 


H* ([un]i lul) = H*({1} U (—00, =n], {1}) = +00 A 0. 
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Theorem 5.13. Let u be a fuzzy set in Fitgog(X) and let un, n = 1,2,..., 
be fuzzy sets in Figo (X). 
(i) The following are equivalent: 
(i-1) mns H*(end u, end u,) = 0; 
(i-2) For each a € (0,1), limy.. A*({u > a}, [unja) = 0; 
(i-3) There is a dense subset P of (0,1) such that for eacha E P, limpo H*({u > a}, [Unla) = 
0. 
(ii) The following are equivalent: 
(ii-1) limno H* (end un, end u) = 0; 
(ii-2) For each a € (0,1), limp 50 H*([Unla; lula) = 0; 
(ii-3) There is a dense subset P of (0,1] such that for eacha € P, limn +0 H*({Unja; lula) = 
0. 


Proof. The desired results follow from Lemma 5.3, Lemma 5.10 and The- 
orem 5.6. The proof is routine. 
From Lemma 5.3 (ii), for u € Fgsog(X) and a € (0,1), lim, a4 H({ul,, {u > a}) = 

0. So by Lemma 5.10 (i), (i-1) implies (i-2). Clearly (i-2) implies (i-3). We 
shall complete the proof of (i) by showing that (i-3)=-(i-1). This follows from 
bd Lemma 5.9 (i). 

NI Similarly, we can show (ii). 
=) From Lemma 5.3 (i) for u € Fizsog(X) anda € (0, 1], limsa- A([ulg, ula) = 
(N 0. So by Lemma 5.10 (ii), (ii-1) implies (ii-2). Clearly (ii-2) implies (ii-3). We 

> shall complete the proof of (ii) by showing that (ii-3)=(ii-1). This follows 
from Lemma 5.9 (ii). 
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Theorem 5.14. Let u be a fuzzy set in Fiigog(X) and let un, n = 1,2,..., 

be fuzzy sets in Fiigc(X). Then the following are equivalent: 

(i) iMrs ea ty) = 0; 

(ii) For eacha € (0,1), Wty os H*({u > a}, bla) = 0 and limno H* (lun]a, lula) = 
0; 

(iii) There is a dense subset P of (0,1) such that for each a € P, mnno H*({u > a}, [Unjla) = 
0 and lime 2" (alas tle) = 0; 

(iv) For each a € (0,1) \ Plu), limn+oA([ule,; [Unla) = 0; 

(v) There is a dense subset P of (0,1) \ Plu) such that for each a € P, 

limno H ([u]a, tala) = 0; 

(vi) There is a countable dense subset P of (0,1) \ Polu) such that for each 

a € P, limno H (lula, lün]a) = 0; 

(vii) H([Unla, (ula) 4 0 holds a.e. ona € (0,1). 
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Proof. The desired results follow from Lemma 5.3 and Theorem 5.13. The 
proof is routine. 

Note that limno Hena(un, u) = 0 if and only if lim,_,.. H* (end u, end un) = 
0 and lim, ,.. H*(endu,,endu) = 0. Hence Theorem 5.13 implies that 
(i)=>(ii) and (iii)=(i). Clearly (ii)= (iii). So (i) (ii) S (iii). 

Since for each a € (0,1) \ Po(u), {u > a} = fuļ]a, then (ii) (iv) is true. 
Clearly (iv)=>(v)=(vi). Since {u > a} C [ula, (vi)=(iii) is true. 

From Lemma 5.3, we have Po(u) is at most countable, and therefore 
(iv)=(vii). Since {u >a} C [ula, (vii)=(iii) is true. So the proof is com- 
pleted. 


Theorem 5.15. Let u, un, n =1,2,..., be fuzzy sets in Figo(X). If there 
is a dense subset P of (0,1) such that H([UnJa; (Ula) > 0 for each a € P, 
then Hena(Un, U) > 0. 


Proof. We proceed by contradiction. If Hena(tn,u) Æ 0, then there is an 
€ > 0 such that Hena(Un,, U) > € for a subsequence {Un,} of {un}. 
Suppose H*(end u,,,endu) > £. Then there exists a sequence (2p, An, ) € 
end un, such that 
A( (Ln, An, endu) >e. (10) 


With no loss of generality we can assume ap, — a > €. Pick 8 € P satisfying 
a € (B, B +€/2). Then there exists K such that an, € (8, 6 + ¢/2) for all 
k > K. Thus for each k > K, 


d((2n,,Qn,), end u) 

d( (£n, 8), endu) + €/2 

A([un, a, [u]a) + €/2 (11) 
Note that H([un,], [u]g) — 0, thus (10) contradicts (11). So the supposition 


is false. 
For H*(end u, end un,) > €, we can similarly derive a contradiction. 


< 
< 


Remark 5.16. It can be seen that Theorem 5.15 can also be deduced from 
Lemma 5.9 (iii). Fan (Lemma 1 in [4]) proved a result of Theorem 5.15 type. 


Theorem 5.17. Let u, Un, n = 1,2,..., be fuzzy sets in Figco(X). If 
Hena(tn, u) > 0, then H([UnJa; (Ula) > 0 for each a € (0,1) \ Po(u). 
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Proof. Let a € (0,1) \ Po(u). Given € > 0. Then there exists a ô(a, £) € 
(0,¢/2) such that [a — 6,a + ô| c [0,1] and 


A([uls, (ula) < €/2 (12) 


for all 6 € [a—6,a+ ô]. 
From Hena(un, u) > 0, there exists an N(6) such that 


Henalun, u) < ô (13) 
for all n > N. Thus 
A (tales lula-5) < ô < €/2. 
So, for each n > N, 


H” ([un]a; [u]a) 
< H* (lun]a, [ula—s) + H (lula, lu]a-s) 
<e/2+e/2=€ (14) 


Similarly, it follows from (13) that 
H* (ene [Un]a) <0 < e/2, 
and then, for each n > N, 


H* ([u]a, [Unla) 
< A([ula, lu]a+s) + H* (lu]a+s; [un]a) 
<E/2+e/2=e. (15) 


Combined with (14) and (15), 


H ([u]a, (Unja) > 0. 


Remark 5.18. Note that for each a € (0, 1)\ P (u), lim, .4 H (lula, lula) = 0 
and [uj], = {u >a}. Thus Theorem 5.17 can also be deduced from Lemma 
5.10. 
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The following theorem gives a condition under which the Heng convergence 


of fuzzy sets can be decomposed to the Hausdorff metric convergence of 
certain a-cuts. 


Theorem 5.19. Let u be a fuzzy set in Fiigag(X) and let un, n = 1,2,..., 
be fuzzy sets in Fiigc(X). Then the following are equivalent: 


(i) Hena(Un, u) > 0; 
(ii) H([Unla; (Ula) > 0 holds a.e. on a € (0,1); 
e5 (iii) H([un]a, [u]a) > 0 for all a € (0,1) \ Plu); 


(iv) There is a dense subset P of (0,1)\Po(u) such that H ([un]a, [ula) 3 0 
fora EP; 


(v) There is a countable dense subset P of (0,1)\Po(u) such that H([unla; Ula) > 
0 forae P. 


Proof. Theorem 5.17 implies that (i)=(iii). Clearly (iii)>(iv)=>(v). Theo- 
rem 5.15 implies that (v)=(i) and (ii)=(i). 

We shall complete the proof by showing that (iii) (ii). This follows from 
the fact that Po(u) is at most countable, which is pointed out by Lemma 5.3. 


Remark 5.20. By Lemma 5.3, Po(u) = P(u) for u € Fiisag(X). So Polu) 
can be replaced by P(u) in Theorem 5.19. 


Remark 5.21. Clearly, Theorem 5.14 implies Theorem 5.19. 
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Fiscacon(X) is a subset of Fisog(X) defined by 
Flsoaconl X) := {u € Foscc(X): for each a € (0,1), [ula is connected in X}. 


The statement A listed below is known (see Propositions 2.4 and 2.5 in 
[10]). 


A Let C be a nonempty compact set in R” and for n = 1,2,..., let Cn be 
a nonempty compact and connected set in R™. Then H(Ch, C) — 0 if 
and only if lim“) Cn = C. 


NCO 


c9 The following statement A” is an immediate consequence of the above 
> statement A and Theorems 4.14 and 5.19. Statement A” is a special case of 
= Theorem 9.2 in [10]. 


AF Let u be a fuzzy set in Fooog(R™) and for n = 1,2,..., let un be 
a fuzzy set in Figcocon(R™). Then Hena(tin,u) —> 0 if and only if 


lim) Un = u. 


The proof of statement A” is routine, which is given as follows. 

By let X = R” in Theorems 5.19 and 4.14, we have 
(i) Hena(tn, u) > 0 if and only if H (fun]a, (ula) 4 0 holds a.e. on a € (0,1), 
and 
Gi) lim® | uy = u if and only if [fu], = lim“? 


ee) o[Unla holds a.e. on a € (0,1). 

For each a € (0, 1] and n EN, [uja E€ K(R”), [Unla € K(R™) and [una is 
connected in R™. Thus by statement A, for each a € (0,1), H([unla, lula) > 
0 if and only if [uj = lim“) funja. Combined this fact with the above 


= clauses (i) and (ii), we have Hena(Un, u) — 0 if and only if lim® — un = u. 
a However, the statement A” would be false if R™ were replaced by a 


general metric space X. 


Remark 5.22. Example Appendix A.4 shows that there exist u and un, 
n=1,2,... in Fisc(Ire,110, 3]) such that 
(i) Hsena(Un, u) = 0, 
(i) (0,1) \ Po(u) =, 
(iii) H([un]a; lula) = 1 for all a € (0,1) andn=1,2,..., 
(iv) Hena(tn, u) > 0. 
The above (i)-(iii) are shown in Example Appendix A.4. From Proposi- 
tion 3.2, (i) implies (iv). 
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From (ii), for each {vn} in Fõse(Ilseço,4[0, 3]), the statement “H ([UnJa; [ula) > 


0 for each a € (0,1) \ Po(u)” is true. However “Hena(Un,u) — 0” is not nec- 
essarily hold. 

So from Example Appendix A.4 we know: the converse of the implication 
of Theorem 5.15 does not hold; the converse of the implication in Theorem 
5.17 does not hold; “u be a fuzzy set in Figcqg(X)” can not be replaced by 
“u be a fuzzy set in Fijsc(X)” in Theorem 5.19. 


6. Relations among metrics on Fiigo(X) 


In this section, we discuss the relation among the Hena metric, the Hsena 
metric, the dæ metric, and the dy metric on Fġso(X). Most of the results 
are proved based on the level characterizations of Heng given in Section 5. 

For u,v € Fitgc(X), the d, distance given by 


apuso) = ( f Hules kele)” de) i 


is well-defined if and only if H([u]a, [v]a) is a measurable function of a on 
[0,1]. In the sequel, we suppose that the d, distance satisfying p > 1. 

Since H ([u]a, [v]a) could be a non-measurable function of a on [0, 1] (see 
Example 2.13 in [12]), we introduce the dy distance on Fġsc(X), p > 1, in 
[11], which is defined by 


1 1/p 
d; (u,v) := inf{ (| f(a)? da) : f is a measurable function from [0, 1] to 


f(a) 2 H (fula, lvla) for a € [0,1] } 


for u,v € Fagc(X). 

dš is an extended metric but probably not a metric on Fġsc(X). In this 
paper, we call d¥ on Fi.gc(X) the d% metric for simplicity. See also Remark 
3.3 in [11]. 

Clearly for u,v € Fiiso(X), 


doo (u,v) > d;(u, v). (16) 


The proof of (16) is routine. Set d.(u,v) = € € RU {+00}. Define f : 
[0,1] + RU {+00} by f(a) = € for each a € [0,1]. Hence f is a measurable 
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R U {+00}; 


function from [0,1] to RU {+020} and f(a) > H([u]a, [v]a) for a € [0,1]. So 
ds(u, v) < J: f(a) da) ae €. Thus (16) is true. 

If d,(u,v) is well-defined for u,v € Fos¢(X), then d(u,v) = dp(u, v). 
The dý metric is an expansion of the d, distance on Fġso(X). 

The dy distance is well-defined on Fgc(R™) (see [11], Proposition 2.2 in 
[12]). The d, distance is well-defined on Fiigcg(X) (see [11], Proposition 2.7 
n [12]). We can see that the dp distance is a metric on Fgap(X). 

Let u € Fiscg(R) defined by 


0, x< l, 
uļlzt)=4 1, z=l1, 
1/n, x € (n?,(n+1)], n=1,2,.... 


Then dylu, Ley) = +00. The d, distance on Fiigcg(R™) is an extended 
metric but not a metric, and the d, distance on Figo (R™) is an extended 
metric but not a metric. In this paper, we call the d, distance on Ff so(R”) 
or Fiscal X) the d, metric for simplicity. 


Theorem 6.1. Let (X,d) be a metric space and let u,v € Fixgc(X). Then 
Hen pt1\ 1/p 


d > 
peo) > (Fae 


Proof. To show the desired result, we only need to show that for each r > 0, 


i p+1\ L/P 
if Henalu, v) >r then d*(u,v) > (= 
Let r > 0. Assume that Henalu, v) > r. Then without loss of generality 
we suppose that H*(endu,endv) > r, then there is an (x, 8) € endu, such 
that d((x, 8),endv) >r. This implies that 8 > r and d(z, [v]a) > r— (8-a) 
when a € [8 — r, 8]. Hence H*([uJa, V]a) >r — (8 — a) when a € [6 — r, p]. 
Let f be a measurable function on [0,1] with f(a) > A([ula, lula) for 


a € [0,1]. Then 
(/ flo)" da) _ ( i flo)" da) ý 
B 


> (f e — (8 — a))P da) k 
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ppt 1/p 
- (25) l 


So d*(u,v) > aa 


p+1 


The “=” can be obtained in (17). 


Example 6.2. Define u and v in Ffscg(R) as 


1, xz =0, 1, =Q; 
u(x)= 4 0.5—xz, xE (0,0.5], v(x)=<4 0.5, xe (0,0.5], 
0, otherwise, 0, otherwise. 


Then Henalu, v) = 0.5 and 


Thus dylu, v) = (J? a? da)Ye = (23) "7 (Heater) H, 


p+1 p+1 


We can see that the following Theorem 6.3 can also be deduced by the 
Theorem 6.1. 


Theorem 6.3. Let u € Fijgc(X) and for each positive integer n, let un € 
Fiso(X). If dy (un, u) ana 0, then Henalun, U) — 0. 


Proof. We prove by contradiction. If Heng(un,u) Æ 0, then there is an € > 0 
and a subsequence {vn} of {un} such that 


HonalUn, U) > €. (18) 


From the definition of dž, there exist a sequence {fn} of measurable func- 
tion from [0,1] to RU {+00} such that for each n € N 


H ([{wn]a, lu]a) < Aa ) for all a € [0,1], (19) 
oi Ta yaa) < EL a(n.) (20) 
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1/ 
Since dy (Un, u) — 0, by (20), we have (Jc fr(a)?d a) — 0. Thus there 
is a subsequence { fn, } of {fn} such that {f,,} a.e. converges to 0 on [0,1]. 
Hence by (19), A([vn, Ja, lula) 4 0 holds a.e. on a € (0,1). From Theorem 
5.15, this implies Hena(Un,,u) —> 0, which contradicts (18). 


Theorem 4.1 in [12] says that for u € Fhscg(X) and v € Fisc(X), 
A (ula; [v]a) is a measurable function of a on [0,1]. So d}(u,v) = dp(u, v) for 
u € Fhoge(X) and v € Ffsc(X). 


Theorem 6.4. Suppose thatu E€ Figcg(X) andun € Figc(X), n = 1,2,..., 
2 and that there is a measurable function F on [0,1] such that te F?” (a) da < 
J= +00 and H(|tnla, (Ula) < F(a) for n = 1,2,.... If Hena(un, u) > 0, then 
ba d,,(Un,u) —> 0. 


Proof. By Theorem 5.19, Hena(tn, u) > 0 if and only if H([unja, lula) > 0 
holds a.e. on a € (0,1). So the desired result follows from the Lebesgue’s 
Dominated Convergence Theorem. 


Corollary 6.5. Let u € Fipsog(X) and for n =1,2,..., let Un € Figc(X). 
N If Hena(Un, u) > 0 and US lun]o is bounded, then dplun, u) > 0. 


Proof. Since Hena(un, u) + 0 and US funlo is bounded, then from Remark 
4.6, [u]o C liminf,...[unlo C U$S [un]o is bounded. Hence there is an M € R 
such that dæl(un, u) < M; that is, for alla € [0,1], H ([un]a, [ula) < M. Thus 
by Theorem 6.4, dp(un, u) —> 0. 
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Proposition 6.6. Let u € Fisgop(X) and for each positive integer n, let 
Un E€ Fisel X). Then Heena(tn, u) > 0 if and only if H([unlo, lulo) + 0 and 
dy(Un, u) > 0. 


Proof. From Proposition 3.2, Hsena(tn, u) > 0 if and only if H ([un]o, [ulo) > 
0 and Hena(tn,u) —> 0. To prove the desired result, we only need to show 
that 


H ([un]o, [ulo) + 0 and d,(tn, u) > 0 & A([uno, [ulo) + 0 and Hena(tn, u) > 0. 
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From Theorem 6.3, “=” is true. To show “=”, suppose that H([un]o, lulo) > 
0 and Henalun, u) — 0. Then there exist an N € N such that Unswlunlo is 
bounded. Thus by Corollary 6.5, dp(un, u) + 0. So“<” is true. 


The above results and the examples in this paper show that the following 
statements are true for u, Un in Fygo(X), n= 1,2,.... 


(i) dilun, u) + 0 imply Hena(tn,u) — 0 (a stronger conclusion is given in 
Theorem 6.1). 


(ii) Suppose that u € Fiiscp(X). By Proposition 6.6, Hsena(tn,u) > 0 if 
and only if H([unlo, [ulo]) 4 0 and dp(un, u) > 0. 


Suppose that u and {un} is in Fġscg(X). Example 6.7 below shows 
that d,(un,u) — 0 does not necessarily imply that U$S [un|o is bound- 
ed. Hence dp(un, u) — 0 does not necessarily imply a, u) > 0 
since Tai ae, — 0 implies that UTS [unlo is bounded for u and 
{un} in Foscp(X) (In fact, by Theorem 7.15, Hsena(tn, u) —> 0 implies 
that U*S[unlo is relatively compact). Take u, {un} in Remark 4.6, we 
can see that d,(un,u) 4 0 and US [uno is compact need not imply 
Hygena(Un, u) > 0. 


(iii) Suppose that u € Fisgcq(X). By Theorem 6.4, under certain con- 
ditions, Hena(un, u) — 0 imply dp(un,u) —> 0. However, even the 
sequence {un} is in Ffgcal(X), Hsenalun, u) —> 0 does not necessarily 
imply d,(un,u) + 0. See the following Example 6.8. By Corollary 6.5, 
Hena(Un, u) — 0 and U$S uno is bounded imply dp(un, u) — 0. 


(iv) Suppose that u € Fiigo(X). Even Agena(tin, u) + 0 and (J [Unto is 
bounded do not necessarily imply dž(un, u) —> 0. Below we Tee 
that a such example is given in Example Appendix A.4. 


Example Appendix A.4 shows that there exist u and un, n = 1,2,... in 
Fõsce(I [seo l0, 3]) such that 
(i ) Hsena(Un, u) => 0, 
(ii) [u]o = [un]o = {€ € TT e(0,1)[0, 1] : & —> 0 as x + 0} for all n = 1,2,..., 
(iii) H(fun]a; lu]a) = 1 for all œ € (0,1] and n = 1,2,. 
(iv) n y): x,y € USS [unlo} = 1, and so UJS = fialo is bounded, 
(v) dplun, u) = 1 for all n = 1,2,..., and so dp(un, P H0. 
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The above (i)-(iii) are shown in Example Appendix A.4. (ii) implies (iv). 
(iii) implies (v). 


Example 6.7. Let u = Or) € Fisop(R). For n = 1,2,..., define un € 
Fuscp(R) as 


1, x =0, 
Un = 4 1/n?, Cee <n", 
0, otherwise. 


n 1/ 5 
Then d,(un,u) = CH “(nlp da) "E (+) > 0. However, U S [unJo = 


0 
[0, +00) is not bounded. 


Example 6.8. Define u € Fiigcc(R) as follows: 


[ula = [0, 1/a]. 
For each n = 1,2,..., define un € Fiscg(R) as follows: 
[u | _ [0, 1/a], a € (1/n, I], 
me | [0,1/a+n?], a€ [0,1/n]. 


Then Heena(tn,u) — 0 and dp(tm, u) = n A 0. 


In [11], we obtain that the Skorokhod metric convergence imply the sendo- 
graph metric convergence on Figo (X) (see Theorem 8.1 in [11]), and that 
Skorokhod metric convergence need not imply the dp convergence on a subset 
of Fitscq(X) (see the end of Section 5 in [11]). From the above conclusions, 
we can also deduce that the sendograph metric convergence need not imply 
the d, convergence on Ficgoq(X). 


. . . 1 
7. Characterizations of compactness in (Fi sce 


Based on the conclusions in previous sections, we give characterizations of 
total boundedness, relative compactness and compactness in (Ff scgal X), Hena) 
and (Fusce(X), Hena). 


e A subset Y of a topological space Z is said to be compact if for every set 
I and every family of open sets, O;, i € J, such that Y C (Ujer O: there 
exists a finite family O;,, Oi ..., O;,, such that Y C O;,U0;,U...UO;,,. 
In the case of a metric topology, the criterion for compactness becomes 
that any sequence in Y has a subsequence convergent in Y. 
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(X), Hena) and (Fison( X): sna) 


e A relatively compact subset Y of a topological space Z is a subset with 
compact closure. In the case of a metric topology, the criterion for 
relative compactness becomes that any sequence in Y has a subsequence 
convergent in X. 


e Let (X,d) be a metric space. A set U in X is totally bounded if and 
only if, for each £ > 0, it contains a finite € approximation, where an € 
approximation to U is a subset S of U such that d(x, 5) < £ for each 
x E€ U. An € approximation to U is also called an e-net of U. 


Let (X,d) be a metric space. A set U is compact in (X, d) implies that U is 
relatively compact in (X,d), which in turn implies that U is totally bounded 
in (X,d). 

We use (X,d) to denote the completion of (X,d). We see (X,d) asa 
subspace of (X, d). Let S C X. The symbol § is used to denote the closure 
of S in (X,d). 

As defined in Section 2, we have K(X), C(X), Fhoc(X), Fiscal), ete. 
according to (X,d). For example, 


Fisc(X) = {u € F(X) : [ula € C(x) for all a € (0, 1]}, 
Fisco(X) := {u € F(X) : [ula € K(X) for all a € (0, 1]}. 


If there is no confusion, we also use H to denote the Hausdorff metric 
on C(X) induced by d. We also use H to denote the Hausdorff metric on 


C (x x [0, 1]) induced by d. We also use Heng to denote the endograph metric 
on Figo(X) given by using H on C(X x [0,1]). 

Clearly, the induced metric on Fiigcg(X) by the Hena on Fiigo(X) is the 
same as the induced metric on Fiigog(X) by the Heng on Pan 


). 
We see (Fhocal X), Hena) as a metric subspace of (Fhscal( X), Hena). 


7.1. Characterizations of compactness in (K(X), H) 


In this subsection, we give characterizations of total boundedness, relative 
compactness and compactness in (K(X), H). The results in this subsection 
are basis for contents in the sequel. 


Theorem 7.1. Let (X,d) be complete and let {Cn} be a Cauchy sequence 
in (K(X), H). Put D, = Ui, Cı and D = Uj Cı. Then D € K(X) and 
H(Dn,D) = 0. 
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Proof. Note that for k > j, 


So {D,,} is a Cauchy sequence in (K(X), H). From Theorem 2.2, (K(X), 
is complete, and thus by Theorem 3.3, {Dn} converges to lim sup,_,., Dn 
D € K(X). 


H) 


Theorem 7.2. Let (X,d) be a metric space and D C K(X). Then D is 
totally bounded in (K(X), H) if and only if D = U{C : C € D} is totally 
bounded in (X,d). 


Proof. If D = 0, then the desired result follows immediately. Suppose that 
Dep: 

Necessity. To show that D is totally bounded. We only need to show 
that each sequence in D has a Cauchy subsequence. 

Given a sequence {xn} in D. Suppose that x, € Cn € D. Since D is 
totally bounded, ther then {Cn} has a Cauchy subsequence {C;,,}. Hence, by 


Theorem 7.1, Ue. Cn, is in K(X). Thus {x,} has a Cauchy subsequence. 
Sufficiency. D is totally bounded in X, then D is in K(X X). So, by 
Theorem 2.2, (K (D), H) is compact, and thus D is totally bounded. 


Theorem 7.3. Let (X,d) be a metric space and D C K(X). Then D is 
relatively compact in (K(X), H) if and only if D = U{C : C € D} is 
relatively compact in (X, d). 


Proof. If D = Ọ, then the desired result follows immediately. Suppose that 
D#%. 

Necessity. To show that D is relatively compact. We only need to 
show that each sequence in D has a convergent subsequence in X. 

Given a sequence {xn} in D. Suppose that x, E€ Cn € D. Since D is 
relatively compact, then {C,,} has a subsequence {Chn } which converges to 


C in K(X). Hence, by Theorem 7.1, TA Cn, is in K(X) (In fact, S Cr, 
is in K(X)). So {xzn,} has a ee. which converges to x in UZS Cn, 


and thusxE€CcX. 
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Sufficiency. If D is relatively compact in X, then D is in K(X), and 


therefore (K(D), H) is compact. Thus D C K(D) is relatively compact in 
(K(X), H). 


Lemma 7.4. Let (X,d) be a metric space and D C K(X). If D is compact 
in (K(X), H), then D = (J{C : C € D} is compact in (X,d). 


Proof. If D =, then the desired result follows immediately. Suppose that 
D #). To show that D is compact. We only need to show that each sequence 
in D has a subsequence which converges to a point in D. 

Given a sequence {z,,} in D. Suppose that x, € C, € D. Since D is 
compact, then {Cn} has a subsequence {C’',, } converges to C € D. Hence, 


by Theorem 7.1, UZS Cn, is in K(X) (In fact, U~% Ch, is in K(D)). So 


£n, } has a subsequence which converges to x in JES Cy,. Thus z € C c D. 
k k=1 k 


Remark 7.5. The converse of the implication in Lemma 7.4 does not hold. 
Let (X,d) = R and D = {[0, x] : x € (0.3,1]} c K(R). Then D = [0,1] € 
K(R). But D is not compact in (K(R), H 


Theorem 7.6. Let (X,d) be a metric space and D C K(X). Then the 
following are equivalent: 

(i) D is compact in (K(X), H); 

(ii) D=U{C:C € D} is relatively compact in (X,d) and D is closed in 
(K(X), H); 

(i) D = UHC : C € D} is compact in (X,d) and D is closed in (K(X), H). 


Proof. Note that D is compact in (K(X), H) if and only if D is relatively 
compact and closed in (K(X), H). Then from Theorem 7.3 we have (i)(ii). 
Clearly (iii)=(ii). We shall complete the proof by showing that (i)=(iii), 
which can be deduced by Lemma 7.4. 


Remark 7.7. After we gave conclusions and their proofs in this section, we 
found that Theorem 7.3 is Proposition 5 in [6]. Since we can’t find the proof 
of Proposition 5, we give our proof here. 
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7.2. Characterizations of compactness in (FẸ sog X), Hena) 


In this subsection, we give characterizations of total boundedness, relative 
compactness and compactness in (Fijgag¢(X), Hena). 

Let U be a subset of (X,d). We say a subset S of X is a weak €-net of 
U if d(x, S) < € for each x € U. 

We can see that an e-net of U must be a weak e-net of U. An e-net of U 
is included in U, however a weak e-net of U is not necessarily be included in 
U. For convenience, we use the term weak ¢-net of a set U in (X, d). 

For x € X and e > 0, let B(a,e) := {z € X : d(x,z) < €}. 

The following known conclusions on totally bounded are useful in this 
paper. 


e A set U in X is totally bounded if and only if for each sequence {£n} 
in U, it has a subsequence {x} which is a Cauchy sequence. 


e A set U in X is totally bounded if and only if for each € > 0, there is 
a finite weak ¢-net of U. 


Below we give a proof of the last conclusion mentioned above, although 
we are convinced that the proof for this conclusion was already been given. 
Readers who think it unnecessary to give the proof or this conclusion is 
obvious can skip this proof. 

Clearly the necessity is true since an e-net of U is a weak e-net of U. To 
show the sufficiency, it suffices to show how to construct a finite e-net of U 
via a finite weak ¢/2-net of U. 

Let S-/2 be a finite weak ¢/2-net of U. Set Siig = {y E Sey2 : B(y,€/2)N 
U #0}. Clearly Si is a finite weak ¢/2-net of U. Then for each y € 2/2) 
we choose an zy in B(y,e/2) NU. Let T, := {xy : y € Skj}. We claim that 
T, is a finite e-net of U. Clearly T, is a finite subset of U. To complete the 
proof, we only need to show that d(z,T-) < £ for each z € U. Let z € U. 
Then there is a y € Si, with d(z,y) < €/2, and thus d(z,T-) < d(z, £y) < 
d(z,y) + d(y, zy) < €. 

Suppose that U is a subset of Fġsc(X) and a € [0,1]. For writing 
convenience, we denote 


e U(a) = Uneu lula, and 
e U, := {luja:u E U}. 
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Theorem 7.8. Let U be a subset of Figcg(X). Then U is totally bounded 
in (Fiscal X), Hera) if and only if U (a) is totally bounded in (X,d) for each 
a € (0, 1]. 


Proof. Necessity. Suppose that U is totally bounded in (F$ gcal X), Hena). 
Let a € (0, 1]. To show that U (a) is totally bounded in X, we only need to 
show that each sequence in U(a) has a Cauchy subsequence. 

Given a sequence {zp} C U(a). Suppose that x, € [un]a, Un € U, 
n=1,2,.... Then {un} has a Cauchy subsequence {un}. So given € € (0,a), 
there is a K(e) € N such that 


HendlUnı, Ung) < € 


for all! > K. Thus 
H* ((un la [üng]a-e) < € (21) 


for all | > K. From (21) and the arbitrariness of e, Ur [un]a is totally 
bounded in (X, d). Thus {z,,,}, which is a subsequence of {x,}, has a Cauchy 
subsequence, and so does {£p}. 

In the following, we give a more detailed proof for the above conclusion 
that U [un ]a is totally bounded in (X,d), although we think the proof 
given above for this conclusion is sufficient. 

To show the desired result, it suffices to show that for each À > 0, there 
exists a finite weak A-net of Uj? [unla- 

Let A > 0. Set € = min{A/2,a/2}. Then e € (0,a). Hence there is a 
K(e) such that (21) holds for all] > K. Since alee is compact, there 
is a finite e-net {2,;}%, of UŽ lunmla-e- We claim that {2; 7, is a finite 
weak A-net of J (ane 

Let z € Uf [una If z € UŽ fun]a, then clearly d(z, {yha < E< A. 
If z € Urea i luna, then by (21), there exists a y, € [Un,Ja—e such that 
d(z, yz) < €, and so d(z, {z;}%21) < d(z, yz) + dluz, {zj} fi) < 2E <A. 

Sufficiency. Suppose that U(qa) is totally bounded in X for each a € 
(0, 1]. By Theorem 7.2, U(a) is totally bounded in X if and only if Ua is 
totally bounded in (K(X), H). Thus, by Theorem 2.2, we have the following 
affirmation: 


e Given a € (0,1]. For each sequence {fun]a; n = 1,2,...} in Ua, it has a 
subsequence {[tn,]a,k = 1,2,...} which converges to ua € K(X) with 
respect to the Hausdorff metric H. 
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To prove that U is totally bounded, it suffices to show that each sequence 
in U has a convergent subsequence in (Fiisc¢(X), Hena). Suppose that {un} 
is a sequence in U. Based on the above affirmation and Theorem 5.19, and 
proceeding similarly to the proof of the “Sufficiency part” of Theorem 7.1 in 
[10], it can be shown that {up} has a subsequence {vp} which converges to 
vE Poo X) with respect to Hend- 

A sketch of the proof of the existence of {vn} and v is given as follows. 

First, we construct a subsequence {vn} of {un} such that [v,], converges 
to Ug E K (X ) according to the Hausdorff metric H for all q € Q’, where 
Q = QN (0,1). Then we show that v € Fheog(X) with [vla = N 
for all a € (0, 1] satisfies that Hena(Un, v) > 0. 


q<a,qEQ’ Ug 


Remark 7.9. Some of the implications in the proofs of this paper are actu- 
ally the equivalent. For example, in the proof of Theorem 7.8, U (œ) is totally 
bounded in X for each a € (0, 1] is equivalent to the affirmation after the 


ep) 
e 


Theorem 7.10. Let U be a subset of Fiscal X). Then U is relatively com- 
pact in (Fisco(X), Hena) if and only if U(a) is relatively compact in (X,d) 
for each a € (0, 1]. 


Proof. Necessity. Suppose that U is relatively compact. Given a € (0, 1]. 
To show that U (a) is relatively compact in X, we only need to show that 
each sequence in U(a) has a convergent subsequence in X. 

Let {z,} be a sequence in U(a). Suppose that rz, € [Unja, Un E€ U, 
n=1,2,.... Then there is a subsequence {u,, } of {un} and u € Ffscal(X) 
such that Hena(tn,,u) —> 0. So, by Theorem 5.19, H([un,Ja; lula) 22 0, 
and therefore there is a 8 € (0,a) such that H([un,|s,[ulg) —> 0. Hence 
by Theorem 7.3, U;25[un,|¢ is relatively compact in X. Thus {zn,} has a 
convergent subsequence in X, and so does {£p}. 

Sufficiency. Suppose that U(a) is relatively compact in X for each 
a € (0,1). To show that U is relatively compact in (Fiiscc¢(X), Hena), we 
only need to show that each sequence in U has a convergent subsequence in 
(Fisca(X), Hona): 

By Theorem 7.3, U(q) is relatively compact in X if and only if Ua is 
relatively compact in K(X). Thus, we have the following affirmation: 
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e Given a € (0,1]. For each sequence {[unla,n = 1,2,...} in Ug, it has a 
subsequence {[Un,Ja,k = 1,2,...} which converges to ua € K(X) with 
respect to the Hausdorff metric H. 


The remaining proof is similar to the corresponding part of the “Sufficiency 
part” of Theorem 7.8. 

We can also prove that U is relatively compact in (Fgc¢(X), Hena) as 
follows. From the “Sufficiency part” of Theorem 7.8, we know that for each 
sequence {un} in U, there exists a subsequence {vn} of {un} which converges 


to v € Fiigag(X). From Theorem 5.19 and the above statement after the 
“e”, we thus know that v € Ffscel(X). 


Theorem 7.11. Let U be a subset of Fisca( X). Then the following are 
equivalent: 


(i) U is compact in (Fiscal X), Hera); 


(ii) U (a) is relatively compact in (X,d) for each a € (0,1] and U is closed 
in (Fusca(X), Hena); 


(iii) U(a) is compact in (X,d) for each a € (0,1] and U is closed in 
(Fõsca(X), Hena). 


Proof. By Theorem 7.10, (i) = (ii). Obviously (iii) = (ii). We shall com- 
plete the proof by showing that (i) = (iii). To do this, suppose that U is 
compact. To verify (iii), from the equivalence of (i) and (ii), we only need to 
show that U(a) is closed in (X, d) for each a € (0, 1]. 

Let a € (0, 1] and let {z,,} be a sequence in U (a) with £n + x. Suppose 
that £n € [un]a and u, E€ U for n = 1,2,.... Then there exist subsequence 
{tn, + of {un} and u € U such that Hena(un,,u) 0. So by Remark 3.4 
im) Un, = u and therefore by Theorem 4.5, limsup,_,,,/Un,la © [ula. 
Hence x € [u]q, and thus x € U(a). 

We can also show x € [uJ], C U(a) in the following way. From Theorem 
5.14, A([un la, (Ula) —> 0 holds for a € (0,1) \ Alu). If a € (0,1) \ Po(u), 
then z € [u]. If a € {1} U Po(u), then for all 6 € (0,a) \ Po(u), x € [ulg. 
Thus z € [uJa. 
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7.3. Characterizations of compactness in (Pagop(X), Hsena) and (Fagop(X), Hsena) 

In this subsection, we give the characterizations of totally bounded set- 
s, relatively compact sets and compact sets in (Piccop(X), Hsena). Then, 
by treating (Fiscp(X); Hsena) as a metric subspace of (Piocop(X), Hsena), 
we give the characterizations of totally bounded sets and compact sets in 
(Fiscp(X), Hsena). The characterization of relatively compact sets in (Fisop(X), Hsena) 
has already been given in [6]. 

Suppose that U is a subset of Pico (X) and a € [0,1]. For writing 
convenience, we denote 


e U(a) = Uue (u)a, and 
e Ua := {(u)a:u E U}. 


Theorem 7.12. Suppose that U is a subset of Pagap(X). Then U is totally 
bounded in (Pt scp(X), Hsena) if and only if U (0) is totally bounded in (X, d). 


Proof. Necessity. Suppose that U is totally bounded. By clause (ii) of 
Theorem 3.1, Up is totally bounded in (K(X), H). From Theorem 7.2, this 
is equivalent to U(0) is totally bounded in (X, d). 

Sufficiency. Suppose that U(0) is totally bounded. To show that U 
is totally bounded in (P§gcp(X), Hsena), we only need to prove that each 
sequence in U has a Cauchy subsequence with respect to Agena. 

Let {un} be a sequence in U. Note that U (a) is totally bounded for each 
a € [0,1]. Then by Theorem 7.8, {fn} has a Cauchy subsequence {vp} in 
(Fi-sop(X), Hena). From Theorem 7.2, {vp} has a subsequence {wp} such 
that {[wn]o} is a Cauchy sequence in (K(X), H). Thus by clauses (iii) of 
Theorem 3.1, {wn} is a Cauchy sequence in (Pasop(X), Hsena): 


Theorem 7.13. Suppose that U is a subset of Fixgap(X). Then U is totally 
bounded in (Fitsop(X), Hsena) if and only if U(0) is totally bounded in (X, d). 
Proof. Note that U is totally bounded in (Fiiscp(X), Hsena) if and only if 


U is totally bounded in (Piccp(X), Hsena), and that U(0) = T (0). So the 
desired result follows from Theorem 7.12. 


Theorem 7.14. Suppose that U is a subset of Pasgop(X). Then U is rela- 
tively compact in (Piscp(X), Hsena) if and only if U(0) is relatively compact 
in X. 
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Proof. Necessity. Suppose that U is relatively compact. Then by clauses 
(ii) of Theorem 3.1, Uo is relatively compact in (K(X), H). By Theorem 7.3, 
U(0) is relatively compact in X. 

Suffictency. To prove that U is relatively compact, it suffices to show 
that each sequence in U has a convergent subsequence in (P§gcp(X), Hsena). 

Let {u,} be a sequence in U. Since U(0) is relatively compact in X, then 
U(q) is relatively compact in X for each a € [0,1]. By Theorems 7.10 and 
7.3, there is a subsequence {un, } of {un}, an u € Ficog(X) and a uo E€ K(X) 
such that Hena(tin,,u) > 0 and H((un,)o,Uo) > 0. 

Set w € Pisop(X) given by 


Cine l lula, ae € (0,1], 


uo &=0Q. 


Then u = W, Hena(tn,,W) = Hena(tin,,) > 0 and H((un,)o,(w)o) = 
H((un,)0, Uo) > 0 for n = 1,2,... Thus from (iii) or (iv) of Theorem 3.1, 
{un, } converges to w in (Pagop(X), Hsena). 


e u € F}so(X) is said to be right-continuous at 0 if lims_.9, H (us, [ulo) = 
0. 


e U C Figc(X) is said to be equi-right-continuous at 0 if for each € > 0, 
there is a ô > 0 such that H (fuls, [ulo) < £ for all u € U. 


By Lemma 5.2, for each u € Fijscop(X), u is right-continuous at 0. 
Theorem 7.15 below is presented in [6]. 


Theorem 7.15. /6] Suppose that U is a subset of Fiscp( X). Then U is rel- 
atively compact in (Ff sog( X), Hsena) if and only if U(0) is relatively compact 
in X and U is equi-right-continuous at 0. 


— > 
Fbscp(X) need not be a closed set of Phgcp( X). For instance, Fi scp(D) 
given in Example 8.4 is not a closed set of Piscp(D). We can see that 


Fi-scp(X) is a closed set of P}¢cg(X) if and only if X has only one element. 
For a set U in Fijcscp(X), suppose that 

(a) U is relatively compact in (Ff gcp(X), Hsena); 

(b) U is relatively compact in (Piscp(X), Hsena); 


— > 
(c) The topological closure of U in (Ph scg X), Hsena) is a subset of Fi scg X). 
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Then (a) holds if and only if (b) and (c) hold. 

es i _— 

Fuscp(X) is closed in Påscg(X) if and only if for each set U in Fi gcop(X), 
(c) holds. 

The following Proposition 7.16 illustrates the role of the condition “U is 
equi-right-continuous at 0” in the characterization of the relative compactness 
for a set U in (Fésop(X), Hsena) given in Theorem 7.15. 

For w € Pasop(X), the following are equivalent: (i) w € Fiscp(X); (ii) 

7 ? 
w € Fiso(X)); (iii) lims 404 H((w)s, (w)o)=0. 
Proposition 7.16. Let U be a subset of Fiigcp(X). Suppose the following 
conditions (i), (ii) and (iti): 
(i) U is relatively compact in (Fiscp(X), Hsena); 
(ii) U is equi-right-continuous at 0; 
—> 
(iii) The topological closure of U in PS gan X), Hana) is a subset of Fiscpg( X). 

Then the condition (i) implies the condition (ii), and the condition (ii) 
implies the condition (iii). If U is relatively compact in (Pi scp(X), Hsena), 
then the conditions (i), (ii) and (iii) are equivalent to each other. 

Proof. By Theorem 7.15, we know that (i)=-(ii). 

To show (ii)= (iii). Suppose that {u7} converges to u in (Ph gop(X), Hsena). 
Then limno H((u7)9, (ujo) = 0; that is, limpo H (funlo, (uo) = 0. 

Note that {un} converges to W in (Fhoop(X), Hena). By Theorem 5.19, 
H (nla, [W]a) — 0 holds a.e. on a € (0,1). From U is equi-right-continuous 
at 0, we have limno H([un]o, [W]o) = 0. 

Thus (u)9 = [W]o, and hence u € Fhegp(X). So (ii) (iii). 

If U is relatively compact in (Pascp(X), Hsena), then clearly (iii)=>(i), 
and thus the conditions (i), (ii) and (iii) are equivalent to each other. 


Remark 7.17. For conditions (i), (ii) and (iii) in Proposition 7.16, (ii) does 
not imply (i); (iii) does not imply (ii). 

Let {un} be a sequence of fuzzy sets in Fiigscp(R) defined by un(x) = 
[0, n]r, n = 1,2,.... Then {un} is equi-right-continuous at 0 but {un} is not 
relatively compact in (Fgsop(X), Hsena). So (ii) does not imply (i). 

Let {un} be a sequence of fuzzy sets in Fijgcp(R) defined by 


1, x € [0,n], 
Un(z) = 4 1/n, x € [-n,0], n= 1,2,.... 
0, xER\f-n,n], 
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Then {7%} has no limit in (Pgcp(X), Heena) and hence is closed in (P4 gcg(X), Hsena)- 
However {vn} is not equi-right-continuous at 0. So (iii) does not imply (ii). 


Remark 7.18. Theorem 7.14 and Proposition 7.16 imply Theorem 7.15. 
This is because by Proposition 7.16 we can obtain that for a subset U of 
Fiscp(X), U is relatively compact in (Fiiscp(X), Hsena) if and only if T is 
relatively compact in (Phscp(X), Hsena) and U is equi-right-continuous at 0. 


Theorem 7.19. Suppose that U is a subset of Pigcap(X). Then the follow- 
ing are equivalent: 

(i) U is compact in (Pi ean(X ), Hsena); 

(ii) U is closed in (Pigcp(X), Hsena), and U(0) is relatively compact in 
(X,d); 

(iii) U is closed in (P§scp(X), Hsena), and U(0) is compact in (X,d). 


Proof. By Theorem 7.14, we obtain that (i)e(ii). Clearly (iii)=(ii). We 
shall complete the proof by showing that (i)=-(iii). To do this, suppose that 
U is compact in (Phoop(X), Hsena). Then U is closed in (Płscg(X), Hsena). 
To verify (iii), we only need to show that U (0) is compact in (X, d). 

By clause (ii) of Theorem 3.1, Uo is compact in (K(X), H). Thus by 
Theorem 7.6, U (0) is compact in (X, d). 


Theorem 7.20. Suppose that U is a subset of Fhscg( X). Then the following 
are equivalent: 

(i) U is compact in (Fi scp(X), Hsena); 

(ii) U is closed in (Fiscp(X), Hsena), U (0) is relatively compact in X and 
U is equi-right-continuous at 0; 

(iii) U is closed in (Fiisop(X), Hsena), U(0) is compact in X and U is equi- 
right-continuous at 0. 


Proof. By Theorem 7.15, we obtain that (i)@(ii). Clearly (iii)=(ii). We 
shall complete the proof by showing that (i)=(iii). To do this, suppose that 
U is compact in (F$scp(X), Hsena). Since (i) implies (ii), to verify (iii) we 
only need to show that U(0) is compact in X. 

Note that U is compact in (Fiigop(X), Hsena) if and only if U is compact 
in (Pasop(X), Hsena). Thus by Theorems 7.19, U(0) = U (0) is compact in 
X. 
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Remark 7.21. For a subset U of Fiigcp(X), 
(a) U satisfies (i) of Theorem 7.20 if and only if U satisfies (i) of Theorem 
7.19; 
(b) U satisfies (ii) of Theorem 7.20 if and only if U satisfies (ii) of Theorem 
7.19; 
(c) U satisfies (iii) of Theorem 7.20 if and only if U satisfies (iii) of Theorem 
7.19. 
Clauses (b) and (c) can be obtained by using Proposition 7.16 and The- 
orem 7.14. Theorem 7.19 and clauses (a), (b) and (c) imply Theorem 7.20. 
Since U is compact in (Fiiscp(X), Hsena) if and only if U is compact in 
(Pi scp(X), Hsena), we can use Theorem 7.19 to judge the compactness of a 


8. Completions of ( Fecal): Hyena) and ( Ftscel(X), Hena) 


In this section, we show that (P Hena) is a completion of (Fh scp(X), Hsena)- 
We also show that (Fitsog(X), Hena) is a completion of (Ficcp(X), Hena), 
and thus a completion of (Ff soa(X), Hena). 


Theorem 8.1. Let (X,d) be a metric space. Then the following are equiva- 
lent: 


(i) (X,d) is complete; 
(it) (Fiscal X), Hena) is complete. 


Proof. (i) = (ii). Let {u,} be a Cauchy sequence of (FfscelX), Hena). 
Then U = {un,n = 1,2,...} is total bounded in (F§sog(X), Hena). So from 
the proof the sufficiency part of Theorem 7.8, we know that {u,} has a 
convergent subsequence in (Fijso¢(X), Hena), and thus {un} is convergent in 
(Fosca(X), Hena). 

(ii) > (i). Let {x„} be a Cauchy sequence in X. Note that Hena(%, Y) = 
min{d(x, y), 1} for x,y € X. Then {7n} is a Cauchy sequence in (Fiscal X), Hena), 
and therefore {£n} converges to u € Fiigog(X). Thus there exists an x € X 
such that [u]a = {x} for all a € [0,1] (i.e. u = Z) and d(zn, x£) > 0. 


Remark 8.2. (ii) => (i) in Theorem 8.1 can also be shown as follows 
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(X,d) is complete if and only if (X,d*) is complete, where d*(x,y) = 
min{d(z,y),1} for x,y € X. Note that Hena(Z, Y) = d*(x,y). So the desired 
result follows from the fact that (X,d*) is isometric to the closed subspace 
(X, Hena) of (Fhgog(X), Hena), where X := {@: x € X}. 


Proposition 8.3. Let (X,d) be a metric space. Then the following are e- 
quivalent: 

(i) (X,d) is complete; 

(it) (Fiscop(X), dæ) is complete. 


eA Proof. (X,d) is isometric to (X,d), which is a closed subspace of (Fisog(X), dæ). 
= So (ii)=(i) is proved. 

> To show (i)=(ii), suppose that (X, d) is complete. Let {un} be a Cauchy 
sequence in (Fiisop(X), doo). Then for each a € [0,1], {[un]a} is a Cauchy 
sequence in (K(X), H), and hence there is an u(a) € K(X) such that 

H ([un]a, u(a@)) > 0. 

— As {un} is a Cauchy sequence in (Fasop(X), doo), H([Unja,u(a)) con- 
verges uniformly to 0 on a € [0, 1], denoted by 


H ([UnJo, u(@)) = 0 ([0, 1)). (22) 


Clearly u(a) C u(B) forO< B<a<1. 

If there isau € Fisop(X) such that [ula = u(a), then by (22), doo(tn, u) > 
0, and so the proof is complete. To prove the existence of a such u € 
Fitscp(X), we only need to show that {u(a),a € [0,1]} has the follow- 
ing properties: 

(i) for each a € (0, 1], ula) = (ge, u(F), and 
(ii) u(0) = Uso ut). 

Since for n = 1,2,... and a € (0,1], limg4g- A([tnla, [Unls) = 
lim, +04 H ([un]y, [Unlo) = 0, then by (22), limga- H(u(a),u(Z)) = 
lim,04 H (u(y), u(0)) = 0. Thus by Lemma 5.2, for each a € (0, 1], u(a) = 
Neco U(B), and u(0) = U so u(7). So (i) and (ii) are true. 


D 


Even if (X, d) is complete, (Fijscp(X), Hsena) need not be complete. See 
Example 8.4 below. 
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Example 8.4. let D = {0,1} bea metric subspace of R. Then D is complete. 
Let un € Féscp(D), n =1,2,..., be defined as 


gh 1, x =0, 
et |) Un g=]. 


Then {u} converges to u € Phcgp(D) defined by 


_ f {0}, ae (0,1, 
Wa = l {0,1}, a=0. 


rap) Thus {un} is a Cauchy sequence in (Fijscp(D), Hsena) and has no limit in 
T (Fiscop(D), Hsena). So (FG scp(D), Hsena) is not complete. 


m We can see that (Fiscp(X), Hsena) is complete if and only if X has only 
one element. 

Theorem 8.5 below discusses the completeness of (Piasgop(X), Hsena) and 
then Theorem 8.6 below gives the completion of (Fiiscp(X), Hsena). 


~ Theorem 8.5. Let (X,d) be a metric space. Then the following are equiv- 
alent: 


(i) X is complete; 
(ii) (Phoop(X); Heena) is complete. 


x< Proof. (i) = (ii). Let {u,} be a Cauchy sequence in (Phgcp(X), Hsena)- 
© Then {in} C Fiscp(X), and by (i) of Theorem 3.1, Hena(tn, Um) = Heed lUn, Um) < 
Hsena(Un, Um) for nım = 1,2,.... Hence Lin} is a Cauchy sequence in 
(Fiscal X), Hena). From Theorem 8.1, there is an u € Fscog(X) such that 
{ùn} converges to u in (Fijgog(X), Hena). 

By (ii) of Theorem 3.1, H((un)o, (Umo) < Hesena(tn,Um) for n,m = 
1,2,.... So {(un)o} is a Cauchy sequence in (K(X), H). From Theorem 
2.2, there is an uo E€ K(X) such that {(un)o} converges to uo in (K(X), H). 

Set w € Phocp(X) given by 


oe l lula, a> 0, 


uo &=0Q. 


Tia 


Then u = ©, Hena(tn,; wW) = Hena(tin, u) and H(lun)o, (w)o) = H((um)o, Uo) 
for n = 1,2,... Thus from (iii) or (iv) of Theorem 3.1, {u,} converges to w 
in (Posce(X), Hsena). 
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(ii) => (i). Note that d(x,y) = Heena(®, Y). So the desired result follows 
from the fact that (X, d) is isometric to a closed subspace of (Pi.scp(X), Hsena). 


Theorem 8.6. (Pgc¢3(X), Hsena) is a completion of (Fłscg(X), Hsena). 


Proof. From Theorem 8.5, (Pia Ak ), Hsena) is complete. To show that 
(Pl aap CO), Hana) is a completion of (Figcp(X), Hsena), we only need to 
show that for each u € Phsgop(X) and each e > 0, there is a w € Fłscg(X) 
such that Hgena(u, w) < e. To show this is equivalent to show the following 
affirmations (a) and (b): 


(a) For each u € Pisoal®) n each £ > 0, there exists a v € Pa 
such that Hsenalu, v) < 


(b) For each v € Figop(X) and each € > 0, there exists a w € Fhoop(X) 
such that d.(v,w) < e. Then by (1) and (4), Hsenalv, w) < £ and 
Heaalv, w) < €. 


Let u € Ploogl X). Define ue € Figon X) € > 0, given by 


_ (uja; Of (a1, 
[tela = l a 


Then Hsenalu, uz) < E. So affirmation (a) is proved. 
Let v € Ffscg(X). We can choose a finite subset Co of X such that 
H (Cp, [v]o) < £. Define 


Ca := {x € Co: d(x, [v]a) < €}, a € (0, 1]. (23) 


We affirm that {C4 : a € [0, 1]} has the following properties 
(i) Ca #9 for all a € [0,1]. 


(ii) H(Ca, [vla) < for all a € (0, 1]. 
(iii) Ca =(Meeaq Ce for all a € (0, 1]. 
w =U Cs = Ui Ce 


For ca y € [v]a, there exists zy € Co such that d(y, zy) = d(y,Co) < € 
Hence zy € Cy and thus Ce # Ø. So (i) is true. 

To show (ii), we only need to show that H(Ca, [v]a) < € for 0 < a < 1. 
Let a € (0, 1]. From (23), H*(Ca, [v]a) < £. In the following, we show that 
H*([v]a, Ca) < £. In fact, for each y € [v]la, d(y,Ca) < d(y, zy) = d(y, Co) 
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(hence d(y, Ca) = d(y,Co)). Thus H*([vJa, Ca) < H([vlo, Co) < £. So (ii) is 
proved. 

Let a € (0,1). Clearly Ca C (gcq Cp- By Lemma 5.2, limgo— H ([v]a; [v]g) = 
0. So for each x € X, d(x, [v]a) = limsa- d(x, [v]g), and hence Cy 2 
Neca Ca. Thus Co = (ge Cp- So (iii) is true. 

Let x € Co. Then d(x, [v]o) < £. Since [v]o = Uaso|U]a, there exists a > 0 
such that d(x, [v]a) < € (in fact, for each xz € X, d(x, [v]o) = infaso d(x, [v]a)), 
and thus x € Ca. So (iv) is proved. 

Set w € F(X) given by [w]e = Ca for all a € [0,1]. Then by (i), 
(iii) and (iv), w € Fiisop(X). From (ii), we have d(v,w) < £, and then 
Hgena(v, w) < £. So affirmation (b) is proved. 


Proposition 8.7. (Fijscp(X), dæ) is a completion of (Fiiscp(X), dæ). 


Proof. By Proposition 8.3, (Fascp(X),doo) is complete. So from affirma- 
tion (b) in the proof of Theorem 8.6, we have the desired result. 


Theorem 8.8. (Plesk) Hona) is a completion of (Ph scg(X), Hsena). 


Proof. (Fiscp(X), Hsena) can be seen as a metric subspace of (Phscp(X), Hsena). 
(Ph scp(X), Hsena) is a metric subspace of (Pf scp( X), Hsena). So the desired 
result follows from Theorem 8.6. 


Theorem 8.9. (Fiigcc(X), Hena) is a completion of (Fbscg(X), Hena). 


Proof. From Theorem 8.1, (Fiscal X), Hena) is complete. To prove the de- 
sired result, it suffices to show that F} gop(X) is dense in (FfscelX), Hena). 
By affirmation (b) in the proof of Theorem 8.6, to verify this it is enough to 


show that for each u € Fitscg(X) and each £ > 0, there is a v € Fiigop(X) 
such that Henalu, v) < €. 


Let u € Ffscal(X). Define uf € Ffscg(X), £ > 0, given by 


lula = l lula, a € (e,1], 


[ule, a € [0,¢]. 


Then Hena(u, uF) < € 
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Corollary 8.10. (Fhgag(X), Hea) is a completion of (Figag(X), Hena). 


Proof. Since Fiisop(X) © Fiscal X) © Fiscal X), the desired result fol- 
lows from Theorem 8.9. 
C] 


9. Conclusions 


In this paper, we discuss the properties and relations of Hena metric and 
Hena Metric on fuzzy sets in a metric space X. 

To aid discussion, we introduce the sets P}gco(X) and Piscp(X). Phscg(X) 
r is a subset of Phoo(X). The Figo (X) and Fisop(X) can be viewed as 
> the subsets of Ptgc(X) and Phocop(X), respectively. We define the Hyena 
distance and the Heng distance on Pea x ), and give the relations among 
the Hsena distance, the Hena distance and the Kuratowski convergence on 
Pisgc(X). Then, as corollaries, we obtain the relations among the Hsena 
metric, the Heng metric and the [-convergence on Fig (X). 

We give the level characterizations of Heng convergence and I’-convergence 
on Figc(X). By using the above results including the level characterizations 
of the Hena convergence, we give the relations among the Hena metric, the 
Agena Metric and the dy metric. We point out that the values of the metrics 
can be directly compared among certain ones in the supremum metric dx, 
the Hena metric, the Hgenq metric and the dy metric. 

Based on above results, we give characterizations of compactness and 
completions of two kinds of fuzzy set spaces (Ff gog( X), Hena) and (Fi scp(X), Hsena), 
Ea respectively. We also investigate characterizations of compactness and com- 
= pletions of (Pi.sop(X), Hsena)- (Fascp(X), Hsena) can be treated as a metric 
Q subspace of (Pisop(X), Hsena)- 

Note that R™ is complete and for a set V in R”, the following are e- 
quivalent: (i) V is bounded; (ii) V is totally bounded; (iii) V is relatively 
compact. We can obtain the characterizations of compactness and comple- 
tions of (Fýsog(R™), Hsena), (Fýsca(R™), Hena) and (Phscg(R™), Hsena) by 
using that of (Fõscs(X), Hsena), (Frsco(X), Hena) and (Poscp(X), Hsena) 
given in this paper. 

The results in this paper have potential applications in fuzzy set research 
involving Hena metric and Hgenq metric. 
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Appendix A. Counterexamples 


In this section, we give an example to illustrate the conclusions in Sections 
4, 5 and 6. 

Let (X;,d;), j E J, be metric spaces. Define an extended metric d on 
I] jeJ Xj as 

d(x,y) := sup{d;(xj, yj): j € J} (A.1) 
for x = (x;)jey and y = (Y;)jeu- 

We use the symbol [],-;(X;,d;) to denote the extended metric space 
ILe X;, d). If not mentioned specially, we suppose by default that jes Xj 
is endowed with the extended metric d given by (A.1). 

Let uj € F(X;), j € J. Define u € F(T] <7 X;) as 


lu]a = J [lua for each a € (0, 1]. (A.2) 
jeJ 
We use [[; cy u; to denote the fuzzy set u in [[ e; X; given by (A.2). 
In [12], we show that u = J [jez u, is well-defined and give the conclusion 


stated in Theorem Appendix A.2. For an extended metric space (Y, p), we 
define 


Fusc(Y) = {u € F(Y) : [ula is closed in (Y, p) for a € (0, 1]} 
Fisc(Y) = {u € F(Y) : [ula is nonempty and closed in (Y, p) for a € (0, 1]} 


Theorem Appendix A.1. /12/ Let J be a set, and for each j € J, let 
(X;,d;) be a metric space. Ifuj € Fusc(X;) for each j € J, thenu = J Jez uj 
is a fuzzy set in Fusc( jes X;). 


Theorem Appendix A.2. Let J be a set, and for each j € J, let (X;,d;) 
be a metric space. If u; € Fogc(X;) for each j € J, then u = J [;-; uj; is a 
fuzzy set in Fosco(T]jes Xi). 


Proof. The desired result follows immediately from Theorem Appendix A.1 
and the definition of ] [ ez uj. 


jEJ 


Theorem Appendix A.3. Let J be a set, and for each j € J, let (X;,d;) 
be a metric space, uj E F(X;) and u = yes us: Then for each € = (&)jer € 
[jes Xj, ul(€) = infjes uj (Ej). 
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Proof. For each a € (0, 1], by (A.2) 
u(g) 2a 
SEE [ut] a = J [luza 
jeJ 
<> for each j € J, & € [usla 
+ for each j € J, u;(E;) > a 
S inf uj(6j) 2 a. 


Thus we obtain the desired result. 


[0,3] can be seen as a metric subspace of R. So [],,<(9,1)[0,3] is a metric 
subspace with the metric d given by (A.1). 

The following Example Appendix A.4 shows that there exist u and un, 
n=1,2,...in Fosco(eeco. (0, 3]) such that Hsenalun, u) + 0, {fun]a} does 
not Kuratowski converge to [uJ], when a € (0, 1], and A([unja, (ula) = 1 for 
all œ € (0,1) and n = 1,2,.... 


Example Appendix A.4. For x € (0,1], define uz € Fisc((0, 3]) as follows 


Put 


Then, by Theorem Appendix A.2, u € Fisc([]re@110,3]) and 

I] <(0 {9}, a=1, 
uja = Bod A.3 
| : l Ieo, {0} x aaa [0, 1j, a E (0, 1). ( ) 


Thus P(u) = Po(u) = (0,1). 
For x € (0, 1], n = 1,2,..., define ten € Fgc([0, 3]) as follows 


1, i=, 
=L 

Uz nlt) = Fi + T, te (0, 1], 
0, t € [0,1] 
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We can see that for each x € (0,1), Heena(tzn; Uz) 4 0 as n > œœ. 
Put 


We affirm that 


(a-i) [ulo = [un]o = {€ = (2) 2e00,1) € [e@,1)10, 1] : & —> 0 as x — 0} for 
R= 12 es 


(a-ii) Asgena(Un, u) > 0; 


= (a-iii) For each a € (0,1), there is a ¢ € [u]a such that d(C, [unJa) = 1 for 
> all n = 1,2,...; 


(a-iv) {[un]a} does not Kuratowski converge to [u]a according to ([],,<(91)[0, 3], d) 
when a € (0, 1]; 


(a-v) H([un]a, (ula) = 1 for all a € (0,1] and n =1,2,.... 


= Set D := {€ = (G)zeco1) © Lreogl0 1] : & > 0 as x — 0}. Since 
N [unla © [Untila © [ula for a € (0,1] and n = 1,2,..., then we have that 
funlo © [Unailo © [ulo for n = 1,2,.... So to show (a-i), we only need to show 


that D C [uiJo and [uJo C D. 

To show D C |u]Jo, it suffices to show that for each € € D and e > 0, 
x< there exists an 7 E€ Uaso|[Uila such that d(€,7) < €. 
© Let € € D and e > 0, then there is a 6 > 0 such that €s < € when x < ô. 
Take an y € (0,1] such that [wis], > [0,1 — el]. Then [uiz]; > [0,1 — €] 
when x > 6. So for each x € [6,1], there is an n(x) € [uis]; such that 
Ife — 7(x)| < e. 

Define 7 = (Nz) xe(0,1) aS 


_J nz), 226, 
es 0, x<. 


Tia 


Then for each x € (0,1), ns € [uiz]; and therefore n € [ui]; C Uasolurla 


And d(€, n) T SUPz€(0,1] dE; Nx) < Ey 
To show [uJo C D, it suffices to show that if € € D, then € ¢ [ulo. 
Since [u]o © T]¢(0,1)[0, 1], to verify this, it is enough to show that if £ € 


Icco, [0, 1] \ D, then g ¢ [ulo. 
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Let € € [],¢(010, 1) \ D. Then there is an e > 0 and a sequence {xn} 
in [0,1] such that £n —> 0 and s, > €. We claim that for each a > 0 and 
Ç E [u]a, d(&,¢) > £ because ¢, = 0 for x < a. Thus € € [ulo = Uaso[tla- 

To show (a-ii), we only need to show that 


H*(send u„, send u) + 0, (A.4) 
H*(send u, send uy) — 0. (A.5) 
For n = 1,2,..., since send u, C sendu, then 


H* (send u,,sendu) = 0. 


Thus (A.4) is true. 

To show (A.5), let (€,a) € sendu, where € = (€2)ze(0,- Put an = 
max{a—1/n,0}. We claim that (€,a,) € send un. 

If a, = 0, then by affirmation (a-i), (€,a,) € send up. 

If a, > 0. Note that for each n = 1,2,..., x € (0,1] and t € [0,1], 
Uz nlt) > Uz(t) — +. Then by Theorem Appendix A.3 

un(é) = inf tan(Ee) > inf u€) -+ =ulé)-= aisa 

zea) °° ela} O n n no 
Thus (£, &n) € send un. 

Since |a — an| < 1/n, then d((£, a), sendun) < d((€,a), (€,an)) < 1/n. 
From the arbitrariness of (£, a) € sendu, we have H* (send u, send un) < 1/n 
(in fact, H* (send u, send un) = 1/n) and thus (A.5) is true. 

To show (a-iii), let œ € (0, 1]. Define ¢ = (Cz) ze(0,1) by 


1, r=a 


T n geoi ok 


Then by (A.3), ¢ € [ula = I [se0,yltzlo- 

Note that for each n = 1,2,... and x € (0, 1], it holds that [usn] = {0}. 
Then for each n = 1,2,... and € € [tnla = Ieo) luznl]a, we have €, = 0. 
and thus for n = 1,2,..., 

alc, [un]a) = 1. 
Hence (a-iii) is true. 

(a-iv) follows immediately from (a-iii). 

(a-v) follows immediately from (a-iii) and the fact that [ula C [],¢0,1)10; H 
and [un]a C [Treol0, 1], n = 1,2,.... 
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